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Abstract
We study the extension of a Lie algebroid by a representation up to homotopy, including semidirect
products of a Lie algebroid with such representations. The extension results in a higher Lie algebroid.
We give exact Courant algebroids and string Lie 2-algebras as examples of such extensions. We then
apply this to obtain a Lie 2-groupoid integration of an exact Courant algebroid.
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1 Introduction
In this paper we study the abelian extension of a Lie algebroid A by a sort of higher representation. This
concept of higher representation of a Lie algebroid is an extension of Lada-Markl’s L∞-modules [LM95]
to the context of Lie algebroids. It has been developed recently by Abad and Crainic under the name of
representations up to homotopy [ACb] and by Gracia-Saz and Mehta under the name of superconnection
[GSMa]. The latter one and a second article [GSMb] by the same authors lead further to Mehta and
Tang’s integration result [MT] of a Courant algebroid that we will mention later.
Recently, representations up to homotopy have been widely studied from various aspects. For example,
they are studied from the aspect of equivariant cohomology in [ACa], deformation theory in [ASa],
integration theory in [ASb], VB-algebroids and VB-groupoids in [DJO, GSMb], double Lie algebroids in
[GJMM], Lie algebroid modules and modular classes in [Meh1, Meh2], L∞-algebra actions in [MZ], and
degree 2 Poisson N-manifolds and Poisson Lie 2-algebroids in [Jot].
To talk about higher extensions of a Lie algebroid, we first bring the concept of a split Lie n-algebroid
onto the surface (Definition 2.1). It is then further specially studied in the work of [BP, Jot]. Some
concepts, such as Courant algebroids, can be described using the language of differential geometry as in
[LWX97]. However, the description of them via NQ manifolds better reflects their nature, though that
perspective often involves calculations in local coordinates. Split Lie n-algebroids which we introduce
represent a middle way, which allows us to study NQ manifolds within the framework of differential
geometry. An NQ-manifold is a non-negatively graded manifold M together with a degree 1 vector field
Q satisfying [Q,Q] = 0. A degree 1 NQ-manifold is a Lie algebroid. In fact, a degree 1 non-negatively
graded manifold can be modeled by a vector bundle with shifted degree A[1]→M . The function ring of
A[1] is the graded algebra
C(A[1]) = C∞(M)⊕ Γ(A∗)⊕ Γ(∧2A∗)⊕ · · · (1)
A degree 1 vector field Q is a degree 1 derivation of this algebra. Equivalently, this means that we have
a vector bundle morphism (called the anchor later on) ρA : A → TM and a Lie bracket [·, ·]A on Γ(A)
such that Q = dA, where dA : Γ(∧nA∗)→ Γ(∧n+1A∗) is defined as the generalized de Rham differential
dA(ξ)(X0, . . . , Xn) =
∑
i<j
(−1)i+jξ([Xi, Xj]A, . . . , Xˆi, . . . , Xˆj , . . . ) +
n∑
i=0
(−1)iρA(Xi)ξ(. . . , Xˆi, . . . ). (2)
The equation [Q,Q] = 0 is then equivalent to the condition required for (A, ρA, [·, ·]A) to be a Lie
algebroid, that is, [[X,Y ]A, Z]A + c.p. = 0 and [X, fY ]A = f [X,Y ]A + ρA(X)(f)Y for all X,Y, Z ∈ Γ(A)
and f ∈ C∞(M). There is also another method to recover the Lie bracket on A: Γ(A) can be viewed as
the space of degree −1 vector fields on A[1]. Then a degree 1 homological vector field Q on A[1] gives us
a derived bracket [X,Y ]A := [[Q,X ], Y ], which is exactly the Lie algebroid bracket on A corresponding
to Q given above.
Now we apply the same procedure for higher NQ manifolds and we encounter a different story. First of
all, to model a degree n non-negatively graded manifold by a graded vector bundle requires an unnatural
choice of connection (even though it is always possible). It is comparable to the fact that to single
out a composition of 1-cells of a Lie n-groupoid X• modeled using a Kan simplicial manifold requires
an unnatural choice of a section from the horn space X1 ×X0 X1 to X2 (in this case it is not always
possible1). However, there are still some circumstances in which a graded vector bundle arises naturally
(namely a preferred connection is chosen somehow); for example, extensions and semidirect products of
a Lie algebroid with its higher representations (see the next paragraph). For this reason we will assume
that our degree n N-manifold comes from a graded vector bundle A = A0 ⊕ A−1 ⊕ · · · ⊕ A−n+1. Then,
1However it is always possible locally which explains the existence of the choice in the infinitesimal case. (Private
conversation with Dimitry Roytenberg.)
2
similarly to (1), the function ring is the graded commutative algebra,
C(A[1]) := C∞(M)⊕ Γ(Sym(A[1])∗)
= C∞(M)⊕
[
Γ(A∗0)
]
⊕
[
Γ(∧2A∗0)⊕ Γ(A
∗
−1)
]
⊕
[
Γ(∧3A∗0)⊕ Γ(A
∗
0)⊗ Γ(A
∗
−1)⊕ Γ(A
∗
−2)
]
⊕ · · · .
(3)
where A∗−i has degree i+1 and C
∞(M) lies in degree 0. Then a homological degree 1 vector field Q gives
us an anchor ρ and various brackets li for i = 1, . . . , n+ 1 (see Definition 2.1). We call such an object a
split Lie n-algebroid. For example, the NQ manifold T ∗[2]T [1]M corresponding to an exact Courant
algebroid has an anchor ρ and various brackets li given by (36). The Courant bracket (15) arises as the
derived bracket, which is, unlike the degree 1 case, different from the 2-bracket l2, no matter how we
choose the splitting. It seems that, recently, the language of split Lie n-algebroids has slowly become a
useful tool for differential geometers to study problems related to NQ manifolds [BP, Jot].
Once we clarify what higher Lie algebroids are, the concept of a semidirect product of A with a higher
representation E is naturally defined (see Proposition-Definition 3.1). Following this, we study extensions.
We obtain a classification result of the 2-term abelian extensions of a Lie algebroid A by H2(A, E), where
E is a 2-term representation up to homotopy of A (Theorem 4.5). The result is totally analogous to
the classical case. In the case of extensions of L∞-algebras, Lazarev gave a full version of one-to-one
correspondence in [Laz]. See Remark 4.6 for details. It follows that the semidirect product (the trivial
extension) is in bijective correspondence with the 0-class in H2(A, E), which justifies the definition of a
semidirect product.
Examples of such extensions include Courant algebroids, their higher analogue, and string Lie 2-
algebras. Courant algebroids (see Section 2.3) were first introduced in [LWX97] to study doubles of Lie
bialgebroids. An equivalent definition via graded manifolds was given by Roytenberg in [Roy]. Then
Roytenberg and Weinstein discovered the relationship between Courant algebroids and L∞-algebras
[RW98], which was an indication of the higher structures behind Courant algebroids. Here we briefly
recall that an exact Courant algebroid TM ⊕T ∗M with the Ševera class [H ], where H ∈ Ω3(M), has the
antisymmetric bracket
JX + ξ, Y + ηK , [X,Y ] + LXη − LY ξ +
1
2
d(ξ(Y )− η(X)) + iX∧YH. (4)
When H = 0, this defines the standard Courant algebroid. We show that the Lie 2-algebroid underlying
the standard Courant algebroid is the semidirect product TM ⋉ (T ∗M
id
−→ T ∗M). Its higher analogue
T ∗[r]T [1]M as a Lie r-algebroid is the semidirect product TM⋉(T ∗M
id
−→ T ∗M → 0 · · · → 0). Moreover,
the L∞-algebras corresponding to such Courant algebroids constructed in [RW98, Zam, Get] are all
semidirect products of a Lie algebra with a representation up to homotopy. Now an exact Courant
algebroid with the Ševera class [H ] is an extension with the extension class determined by H ,
0 −→
(
T ∗M
id
−→ T ∗M
)
−→ Courant algebroid −→ TM −→ 0.
However it is easy to show that Hk≥1(TM, T ∗M
id
−→ T ∗M) = 0 (Lemma 4.10), so the Lie 2-algebroid
underlying an exact Courant algebroid is isomorphic to the one underlying the standard Courant algebroid
regardless the Ševera class.
On the other hand, we do have a nontrivial extension in the example of a string Lie 2-algebra. A
string Lie 2-algebra [BR10, Hen08] is the infinitesimal counterpart of Witten’s string Lie 2-group. We
realize it as a central extension of a semisimple Lie algebra g of compact type by the abelian Lie 2-algebra
R→ 0 (see Example 4.12). This is not surprising since string Lie 2-groups are central extensions by BS1.
The framework of extensions helps us to do integration: given an extension of Lie algebras a→ gˆ→ g,
if we know that group G integrates g and we know the integrated extension class in H2(G, a), then we can
write down the group integrating gˆ explicitly. Using this principle, we find group-like objects to integrate
Courant algebroids. The Lie 2-groupoid we find to integrate a standard Courant algebroid is
Π1(M)×2 ×M×3 (T ∗M)×3
//
//// Π1(M)×M T ∗M
// // M, (5)
3
{x0 x2
x1
γ0,1
γ0,2
γ1,2
ξ0,1
ξ0,2
ξ1,2
} {
x0 x1
γ
ξ
} }{
where Π1(M) = M˜ × M˜/π1(M) is the fundamental groupoid of M with M˜ the simply connected cover
of M . This 2-groupoid is the same (locally) as the one given in recent parallel works [MT, LBŠ] on
integrating Courant algebroids. The work of [LW] gives a different approach to integrate the Dorfman
bracket in a Courant algebroid, which is also very interesting.
We must mention that in this paper we do not perform rigorous differentiation partially because this
is the merit of [LBŠ] (only in Remark 5.5 we sketch a possible differentiation method), and we do not
integrate the symplectic form on a Courant algebroid. Integrating the symplectic form systematically
from our point of view involves integrating morphisms of higher NQ manifolds, which we do not deal
with here. In their second paper on this topic [MTb], Mehta and Tang apply the general Sullivan-
Ševera-Getzler-Henriques integration procedure and obtain a universal integration object which is an
infinite dimensional Lie 2-groupoid (called LWX 2-groupoid). As for the symplectic form, they perform
a Cattaneo-Felder style of integration and arrived at a symplectic form on LWX 2-groupoid. However,
they claim that the relation between the infinite dimensional model and the above finite dimensional one
is not yet clear.
Last but not least, we mention that general (not necessarily abelian) extensions, by usual representa-
tions (not higher representations) of Lie algebroids, and their integrations are studied in [Bra10]. Thus
our yet another future direction could be to combine these two ideas and possibly to include [Laz] for
studying general higher extensions and their integrations.
Notations: Throughout the paper, for a graded vector bundle E =
∑
q Eq, E [l] denotes the l-shifted
graded vector bundle, namely (E [l])i = El+i. (A, [·, ·]A, ρA) is a Lie algebroid and dA is the corresponding
differential defined by (2). We use G to denote a Lie groupoid G1 ⇒ G0 and G to denote the Lie groupoid
G2 ⇒ G1 in a semistrict Lie 2-groupoid G2 ⇒ G1 ⇒ G0. d is the usual de Rham differential. We use id
to denote the identity map of vector bundles and idM (resp. idG0) is the identity map on the manifold
M(resp. G0).
Acknowledgement: We give our warmest thanks to David Li-Bland, Zhang-Ju Liu, Rajan Mehta,
Yvette Kosmann-Schwarzbach, Weiwei Pan, Dimitry Roytenberg, Pavol Ševera, Xiang Tang, and Marco
Zambon for very helpful discussions. The second author thanks the invitation of the organizers to the
conference “Higher structures in mathematics and physics” in Zürich where this work was initiated. In
this conference she benefited a lot from various discussions with, and a note shared by David Li-Bland.
She also thanks Prof. Zhang-Ju Liu for his invitation to BICMR, where much of the progress on this
work was made.
2 Preliminaries
In this section, we recall important concepts that we will use in our paper.
2.1 NQ manifolds and Lie n-algebroids
NQ manifolds have their origin from the AKSZ and BV quantization procedure [ASZK, Sch]. It is then
made popular in the area differential geometry due to the work of Roytenberg and Ševera [Roy02, Ševb,
Šev05].
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Recall that a degree n N-manifold M (for n ∈ Z≥0 ⊔∞) consists of a pair of a topological space
M and a sheaf C(M) (viewed as the ring of functions of M) over M of graded commutative algebras,
locally isomorphic to C∞(U) ⊗ Sym(V∗), where U is an open set of Rm and V = ⊕−ni=−1Vi (and when
n = 0, V = 0) is a finite dimensional Z<0-graded vector space. Notice that it equips M a structure of a
smooth manifold and a degree 0 N-manifold is a smooth manifold.
Then anNQ-manifold is an N-manifoldM together with a degree 1 vector field Q satisfying [Q,Q] =
0, i.e. a linear operator Q on C(M) that raises the degree by one and satisfying Q2 = 0 and
Q(fg) = Q(f)g + (−1)|f |fQ(g), ∀ f, g ∈ C(M).
Here the degree |f | comes from the natural degree of the local model. It is well known that a degree 1
NQ manifold corresponds to a Lie algebroid, thus we may think that
An NQ-manifold of degree n corresponds to a Lie n-algebroid.
Some work in this direction appears in [Vor]. Strictly speaking, a Lie n-algebroid gives arise to an
NQ-manifold only after a degree 1 shift, just as a Lie algebroid A corresponds to a degree 1 NQ manifold
A[1]. To make the shifting manifest, and to present a Lie n-algebroid in a way more used to differential
geometers, that is, to use the language of vector bundles, we focus specifically on the split case. Moreover,
it turns out that semidirect products and extensions of Lie algebroids by representations up to homotopy
provide some natural examples of these split NQ manifolds.
Recall that a split degree n N-manifold M is given by a non-positively graded vector bundle A :=
A0 ⊕ A−1 ⊕ · · · ⊕ A−n+1 over the same base M , with the function ring C(M) = C(A[1]) given by (3).
In fact, there is always a graded vector bundle A such that C(M) ∼= C(A[1]). However, the choice of
A is not canonical and is only unique up to an isomorphism. Nevertheless, the space of such choices
is contractible. Therefore, when we say that an N-manifold is split, we actually equipped it with an
extra structure, namely a specific graded vector bundle A from which the function ring C(M) comes.
Then C(A[1]), equipped with the commutative product coming from C∞(M) and the symmetric product
on Γ(Sym(A[1])∗), should be viewed as the Chevalley-Eilenberg complex of a certain higher algebroid
structure on A with brackets li’s and an anchor ρ : A0 → TM such that a degree 1 homological vector
field Q can be expressed by ρ and li’s:

Q(f) = ρ∗(df),
Q(ξk)(X i11 , . . . , X
ij
j ) = −〈ξ
k, lj(X
i1
1 , . . . , X
ij
j )〉, j 6= 2,
Q(ξk)(X01 , X
k
2 ) = ρ(X
0
1 )〈ξ
k, Xk2 〉 − 〈ξ
k, l2(X01 , X
k
2 )〉, k 6= 0,
Q(ξ0)(X01 , X
0
2 ) = ρ(X
0
1 )〈ξ
0, X02 〉 − ρ(X
0
2 )〈ξ
0, X01 〉 − 〈ξ
0, l2(X01 , X
0
2 )〉,
(6)
for all f ∈ C∞(M), ξk ∈ Γ(A∗−k), X
ip
p ∈ Γ(A−ip), i1 + · · ·+ ij = k + 2− j. That is, in general, Q is the
dual of li’s, except for l2, where terms of derivation involving ρ appear. See [Deh, Lemma 5] and [BP,
Theorem 2] for more details.
As in the case of L∞-algebras, the condition that (C(A[1]), Q) is a differential graded commutative
algebra, namely Q2 = 0, is equivalent to all the axioms that li and ρ should satisfy. Finally, we summarize
this equivalent viewpoint of a split NQ manifold with the following definition:
Definition 2.1 (split Lie n-algebroid) A split Lie n-algebroid is a non-positively graded vector bundle
A = A0 ⊕A−1 ⊕ · · · ⊕A−n+1 over a manifold M equipped with a bundle map ρ : A0 −→ TM (called the
anchor), and n+ 1 many brackets li : Γ(∧iA) −→ Γ(A) with degree 2− i for 1 ≤ i ≤ n+ 1, such that
1. ∑
i+j=k+1
(−1)i(j−1)
∑
σ∈Sh−1
i,k−i
sgn(σ)Ksgn(σ)lj(li(Xσ(1), · · · , Xσ(i)), Xσ(i+1), · · · , Xσ(k)) = 0, (7)
where the summation is taken over all (i, k− i)-unshuffles Sh−1i,k−i with i ≥ 1 and “Ksgn(σ)” is the
Koszul sign for a permutation σ ∈ Sk, i.e.
X1 ∧ · · · ∧Xk = Ksgn(σ)Xσ(1) ∧ · · · ∧Xσ(k).
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2. l2 satisfies the Leibniz rule with respect to ρ:
l2(X
0, fX) = fl2(X
0, X) + ρ(X0)(f)X, ∀ X0 ∈ Γ(A0), f ∈ C
∞(M), X ∈ Γ(A).
3. For i 6= 2, li’s are C∞(M)-linear.
Remark 2.2 We see that Q made up by li’s as in (6) is a degree 1 homological vector field on C(A[1]).
Thus, a split Lie n-algebroid corresponds to a split degree n NQ manifold. The equivalence of the category
of split NQ manifolds and the category of split higher Lie algebroids (in finite dimensional case), known
to experts in the domain for a long time, is later rigorously proven in [BP].
We also notice that one of the advantages of the concept of a split Lie n-algebroid is that it does not
involve the dual of a vector bundle. Thus, it is convenient in the infinite dimensional case.
Finally, we remark that the 2-term case of split higher Lie algebroids is further much studied in [Jot].
Remark 2.3 We see that the brackets li’s make the space of smooth sections Γ(A0) ⊕ Γ(A−1) ⊕ · · · ⊕
Γ(A−n+1) of a split Lie n-algebroid A into a (infinite dimensional) Lie n-algebra.
Definition 2.4 A split Lie n-algebroid morphism (resp. isomorphism) A → A′ (possibly over different
base manifold) is a graded vector bundle morphism f : Sym(A[1]) → Sym(A′[1]) such that the induced
map f∗ : C(A′[1])→ C(A[1]) is a morphism (resp. isomorphism) of NQ manifolds.
Remark 2.5 First of all, when n = 1 this definition coincides with the usual definition of a Lie algebroid
morphism (see e.g. [Mac05, Section 4.3]) in terms of vector bundles, anchors and brackets, which is
more involved than this one-sentence definition. For morphisms of split Lie n-algebroids in terms of
vector bundles, anchors and brackets, please see [BP, Section 4.1]. In the case when the A and A′ share
the same base and the base morphism is an isomorphism, a graded vector bundle morphism f is a split
Lie n-algebroid morphism if and only if f preserves the anchors and f induces an L∞-morphism on the
sections of A and A′. Notice that this implies that f preserves the brackets only in an L∞-fashion. For
example, when n = 2, we have
f0(l2(X
0, Y 0))− l′2(f0(X
0), f0(Y
0)) = l′1(f2(X
0, Y 0)), (8)
f1(l2(X0, X1))− l′2(f0(X
0), f1(X1)) = f2(X0, l1(X1)), (9)
l′3(f0(X
0), f0(Y 0), f0(Z0))− f1(l3(X0, Y 0, Z0)) = l′2(f2(X
0, Y 0), f0(Z0))
+f2(l2(X0, Y 0), Z0) + c.p.(X0, Y 0, Z0). (10)
where X0, Y 0, Z0 ∈ Γ(A0), X1 ∈ Γ(A−1) and c.p.(X0, Y 0, Z0) means cyclic permutations of X0, Y 0, Z0.
Notice that in some special situation, f might be induced from a vector bundle morphism f¯ : A → A′,
that is, f = Sym(f¯). In this case, f preserves the bracket strictly, and we call such f a strict morphism.
If a split Lie n-algebroid morphism f induces an isomorphism on the underlying graded vector bundle of
A and A′, then it is an isomorphism.
Example 2.6 First of all, we see that a Lie algebroid (namely a Lie 1-algebroid) A is always a split
Lie 1-algebroid. Moreover, a Lie algebroid A can be viewed as a split Lie n-algebroid with A0 = A, all
the other Ai = 0, the same anchor and l2, and all the other higher brackets equal to 0. In fact, a split
Lie n-algebroid A can be viewed as a split Lie (n + 1)-algebroid in this way. That is, A is a split Lie
(n+ 1)-algebroid with A−n = 0, ln+2 = 0, and all the rest are the same.
Example 2.7 Given a complex of vector bundles En : E−(n−1)
∂
→ E−(n−2)
∂
→ · · ·
∂
→ E0, it can be
viewed as a split Lie n-algebroid with l1 = ∂, the remaining brackets li = 0 for i ≥ 2, and the anchor
ρ = 0. We call such a split Lie n-algebroid abelian. There are similar constructions on the groupoid
level as we point out in the case when n = 2 in Example 5.3. The integration and differentiation between
these abelian higher algebroids and groupoids are given by Dold-Kan correspondence (see for example,
[LBŠ, Example 7] for a detailed explanation in this direction).
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2.2 Representations up to homotopy of higher Lie algebroids
Definition 2.8 Given a degree n NQ manifold (M, Q) over M , a representation up to homotopy of
(M, Q) is a graded vector bundle
E = Ei−m ⊕ · · · ⊕Ei−1 ⊕ Ei,
over M , together with a degree 1 differential 2 D : C(M)⊗Γ
(
E
)
−→ C(M)⊗Γ
(
E
)
satisfying the graded
derivation rule:
D(ωη) = (Qω)η + (−1)kωD(η), ∀ ω ∈ Ck(M), ∀η ∈ C(M)⊗ Γ
(
E
)
. (11)
Here C(M) ⊗ Γ
(
E
)
is equipped with a natural structure of a graded C(M)-module with degree |ω ⊗ ǫ| =
k + j, where ω ∈ Ck(M) and ǫ ∈ Ej. Given a split Lie n-algebroid (A, {li}
n+1
i=1 , ρ), it corresponds to a
degree n NQ manifold (A[1], Q). A representation up to homotopy of (A, {li}
n+1
i=1 , ρ) is defined as such a
representation up to homotopy of (A[1], Q).
Remark 2.9 When n = 1, we have a Lie (1-)algebroid. Thus this definition gives rise to that of a
representation up to homotopy of a Lie algebroid given in [ACb].
We denote a representation up to homotopy of (M, Q) by (E , D), and the set of all such representations
of (M, Q) by Rep∞(M, Q). We also denote the set of all such representations of a split Lie n-algebroid
(A, {li}
n+1
i=1 , ρ) by Rep
∞(A, {li}
n+1
i=1 , ρ). Such a representation is the Lie algebroid version of Lada-Markl’s
L∞-module [LM95].
We now write down the explicit formula for a 2-term representation up to homotopy for a Lie algebroid
A. This is the case we need to use for exact Courant algebroids.
Example 2.10 [ACb] Given a Lie algebroid A, a 2-term representation up to homotopy (E−1 ⊕ E0, D)
is made up by a differential ∂ : E−1 → E0 given by the component of D restricted on E−i’s (i = 0, 1),
an A-connection ∇ = (∇−1,∇0) on E−1
∂
−→ E0 given by the components of D restricted on Γ(E−i) −→
Γ(A∗ ⊗ E−i), and an element ω ∈ Γ(∧2A∗ ⊗Hom(E0, E−1)) satisfying
R∇−1(X,Y )(m) = −ω(X,Y )(∂m), R∇0(X,Y )(u) = −∂(ω(X,Y )(u)),
for all X,Y ∈ Γ(A), u ∈ Γ(E0), m ∈ Γ(E−1), and
d∇ω = 0.
Here ∇−1 and ∇0 are A-connections on E−1 and E0 satisfying ∂∇
−1
X m = ∇
0
X(∂m) for all X ∈ Γ(A) and
m ∈ Γ(E−1), R∇−i is the curvature of ∇−i and d∇ω ∈ Γ(∧3A∗ ⊗Hom(E0, E−1)) is given by
d∇ω(X,Y, Z) = [∇X , ω(Y, Z)]− ω([X,Y ]A, Z) + c.p.(X,Y, Z), ∀X,Y, Z ∈ Γ(A),
in which [∇X , ω(Y, Z)] ∈ Γ(Hom(E0, E−1) is given by
[∇X , ω(Y, Z)](u) = ∇
−1
X (ω(Y, Z)(u))− ω(Y, Z)(∇
0
Xu), ∀u ∈ Γ(E0).
The correspondence is given by
D = ∂ + d∇ + ω,
where d∇ : Γ(∧kA∗ ⊗E−i) −→ Γ(∧k+1A∗ ⊗E−i) is the usual operator given by the Koszul formula, ∂ is
viewed as the map from Γ(∧kA∗ ⊗ E−1) to Γ(∧kA∗ ⊗ E0) via
∂(̟)(X1, · · ·Xk) = (−1)k∂
(
φ(X1, · · ·Xk)
)
, ∀̟ ∈ Γ(∧kA∗ ⊗ E−1), Xi ∈ Γ(A),
2This means that D is an R-linear operator increasing the total degree by 1 and D2 = 0.
7
and ω is viewed as a map from Γ(∧kA∗ ⊗ E0) to Γ(∧k+2A∗ ⊗ E−1) via
ω(̟)(X1, · · · , Xk+2) =
∑
i<j
−(−1)k+i+jω(Xi, Xj)ϕ(X1, · · · , X̂i, · · · , X̂j , · · · , Xk+2),
Thus, we also denote a 2-term representation up to homotopy by (E−1
∂
−→ E0,∇, ω).
Let (M, Q) be a degree n NQ manifold. There are many operations in Rep∞(M, Q). First of all,
it is easy to see that if (E , D) ∈ Rep∞(M, Q), then any shift E [r] is again in Rep∞(M, Q) with the
same D. We can also take the dual of (E , D). Consider the dual complex E∗. Then there is an operator
D∗ : C(M)⊗ Γ(E∗) −→ C(M)⊗ Γ(E∗) uniquely determined by the condition
Q(η ∧ η′) = D∗(η) ∧ η′ + (−1)|η|η ∧D(η′), ∀ η ∈ C(M)⊗ Γ(E∗), η′ ∈ C(M)⊗ Γ(E), (12)
where ∧ is the operation [C(M) ⊗ Γ(E∗)] ⊗ [C(M) ⊗ Γ(E)] −→ C(M) induced by the natural pairing
between E∗ and E . Then (E∗, D∗) is a representation up to homotopy of (M, Q).
For two representations up to homotopy, (E , DE) and (F , DF) of (M, Q), one can also take their
tensor product. Consider the operator D corresponding to E ⊗F , which is uniquely determined by the
condition
D(η1 ∧ η2) = DE(η1) ∧ η2 + (−1)|η1|η1 ∧DF(η2), ∀ η1 ∈ C(M)⊗ Γ(E), η2 ∈ C(M)⊗ Γ(F), (13)
where ∧ is the natural operation [C(M)⊗Γ(E)]⊗ [C(M)⊗Γ(F)]→ C(M)⊗Γ(E ⊗F). Then (E ⊗F , D)
is a representation up to homotopy of (M, Q).
Similarly, if E ∈ Rep∞(M, Q), then the symmetric vector bundle complex Sym(E) and the exterior
vector bundle complex Λ(E) are again in Rep∞(M, Q).
2.3 Courant algebroids
A Courant algebroid is a vector bundle E −→ M equipped with a nondegenerate symmetric bilinear
form 〈·, ·〉 on the bundle, an antisymmetric bracket J·, ·K on the section space Γ(E) and a bundle map
ρ : E −→ TM such that a set of axioms are satisfied (see [LWX97, Definition 2.1]).
We pay special attention to the exact Courant algebroid (T = TM⊕T ∗M, 〈·, ·〉 , J·, ·K , ρ) associated
to a manifoldM with Ševera class [H ] with H ∈ Ω3cl(M). Here the anchor ρ : T −→ TM is the projection.
The canonical pairing 〈·, ·〉 is given by
〈X + ξ, Y + η〉 =
1
2
(
ξ(Y ) + η(X)
)
, ∀ X,Y ∈ X(M), ξ, η ∈ Ω1(M). (14)
The antisymmetric bracket J·, ·K is given by
JX + ξ, Y + ηK , [X,Y ] + LXη − LY ξ +
1
2
d(ξ(Y )− η(X)) + iX∧YH. (15)
It is not a Lie bracket, but we have
JJe1, e2K , e3K + JJe2, e3K , e1K+ JJe3, e1K , e2K = dT (e1, e2, e3), ∀ e1, e2, e3 ∈ Γ(T ), (16)
where T (e1, e2, e3) is given by
T (e1, e2, e3) =
1
3
(〈Je1, e2K , e3〉+ 〈Je2, e3K , e1〉+ 〈Je3, e1K , e2〉). (17)
As shown in [Roy02], there is a one-to-one correspondence between degree 2 NQ manifolds with degree
2 symplectic forms and Courant algebroids. The degree 2 NQ manifold corresponding to (T = TM ⊕
T ∗M, 〈·, ·〉 , J·, ·K , ρ) is T ∗[2]T [1]M , with degree 2 symplectic form the canonical symplectic form on a
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cotangent bundle. In local coordinates, the symplectic form is dpidqi+dξidθi and the homological vector
field is
Q = ξi
∂
∂qi
+ pi
∂
∂θi
+
1
6
∂φijk(q)
∂ql
ξiξjξk
∂
∂pl
−
1
6
φijk(q)ξiξj
∂
∂θk
. (18)
This is exactly the Hamiltonian vector field of ξipi − 16φijkξ
iξjξk, where φijk is defined in terms of
the 3-form H = 16φijkξ
iξjξk. Here qi’s are coordinates on M , ξi = dqi are cotangent vectors, thus
coordinates on the fibre of T [1]M , moreover pi = ∂∂qi and θi =
∂
∂ξi
are coordinates on the cotangent fibre.
The degrees of qi, ξi, pi, θi are 0, 1, 2, 1 respectively. If H = 0, such a Courant algebroid is a standard
Courant algebroid.
3 Semidirect products for representations up to homotopy
Let (E = E0 ⊕ E−1 ⊕ · · · ⊕ E−m+1, D) be a representation up to homotopy of a split Lie n-algebroid
(A = A0 ⊕ A−1 ⊕ · · · ⊕ A−n+1, {li}
n+1
i=1 , ρ). Let D˜ be the induced representation up to homotopy of
(A, {li}
n+1
i=1 , ρ) on Sym((E [1])
∗). We may take their semidirect product and obtain again a higher split
Lie n-algebroid. We now make this explicit in the following statement.
Proposition-Definition 3.1 With the above notations, D˜ is a degree 1 homological vector field on
C((A ⊕ E)[1]), and this makes the graded vector bundle
A⊕ E = [A0 ⊕ E0]⊕ [A−1 ⊕ E−1]⊕ . . .
a split Lie k-algebroid, where k = max(n,m). We call this Lie k-algebroid the semidirect-product
of the split Lie n-algebroid (A, li, ρ) with its representation up to homotopy (E , D), and denote it by
A⋉D E(or simply A⋉ E if there is no confusion in the context).
Proof. The representation up to homotopy D˜ of (A, {li}
n+1
i=1 , ρ) on Sym(E [1]
∗), is a degree 1 differential
on
C(A[1])⊗ Γ(Sym(E [1])∗) = C∞(M)⊕ Γ(Sym(A[1])∗)⊗ Γ(Sym(E [1])∗) = C((A ⊕ E)[1]),
satisfying (11). At this moment, D˜ is only an R-linear differential on the C(A[1]) module C(A[1]) ⊗
Γ(Sym(E [1]∗)). But notice that the graded commutative algebra structure on C((A⊕ E)[1]) comes from
the product onC(A[1]) and the symmetric product on Γ(Sym(E [1]∗). Thus D˜ becomes a graded derivation
with respect to the commutative product on C((A⊕ E)[1]) thanks to the extending rule (13). Therefore
D˜ is a degree 1 homological vector field on A⊕ E , and this makes A⊕ E a split Lie k-algebroid.
Remark 3.2 This semidirect product can be made also for a general Lie n-algebroid (M, Q). Applying
the same procedure, we obtain a Lie k-algebroid with function ring C(M)⊗Γ(Sym(E [1])∗). We emphasis
the split version here because it is especially nice that the semidirect product remains split with a simple
and clear formula.
Nevertheless, for semidirect products, the representation up to homotopy E must start from degree
0. Otherwise, for the result to be a higher Lie algebroid, namely the function ring to be focused on the
non-negative part, we will need to shift E.
We will give a more conceptual explanation in Section 4 in the 2-term case, where a semidirect product
corresponds to an extension with the trivial extension class in H2(A, E).
Notice that a Lie algebroid A is always split. Thus, the semidirect product of a Lie algebroid with
its representation up to homotopy is always split. This provides a series of examples of interesting split
higher Lie algebroids. Now for the other direction, when will a split Lie n-algebroid be a semidirect
product of a Lie algebroid with a representation up to homotopy? In the following statement, we give a
complete criteria.
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Proposition 3.3 Given a Lie algebroid A over M , let E = E0 ⊕ E−1 ⊕ · · · ⊕ E−1+n be a graded vector
bundle over M . Suppose that there is a split Lie n-algebroid structure on (A⊕E0)⊕E−1 ⊕ · · · ⊕E−n+1
given by a degree 1 homological vector field Q,
C∞(M)
Q
−→ Γ((A⊕ E0)
∗)
Q
−→ Γ(∧2(A⊕ E0)
∗)⊕ Γ(E∗−1)
Q
−→ Γ(∧3(A⊕ E0)∗)⊕ Γ((A⊕ E0)∗)⊗ Γ(E∗−1)⊕ Γ(E
∗
−2)
Q
−→ · · · .
(19)
Then this Lie n-algebroid is a semidirect product A ⋉D E, for a certain representation up to homotopy
D, if and only if the following conditions are satisfied:
(a) The restriction of Q on C∞(M)⊕ Γ(∧•A∗) is exactly given by dA.
(b) The image of Q on Γ(E∗i ) satisfies,
Q(Γ(E∗0 )) ⊂ Γ(E
∗
−1)⊕ Γ(A
∗ ⊗ E∗0 ),
Q(Γ(E∗−1)) ⊂ Γ(E
∗
−2)⊕ Γ(A
∗ ⊗ E∗−1)⊕ Γ(∧
2A∗ ⊗ E∗0 ),
. . .
Q(Γ(E∗−n+2)) ⊂ Γ(E
∗
−n+1)⊕ Γ(A
∗ ⊗ E∗−n+2)⊕ · · · ⊕ Γ(∧
n−1A∗ ⊗ E∗0 ),
Q(Γ(E∗−n+1)) ⊂ Γ(A
∗ ⊗ E∗−n+1)⊕ Γ(∧
2A∗ ⊗ E∗−n+2)⊕ · · · ⊕ Γ(∧
nA∗ ⊗ E∗0 ).
In this case, D = Q|C(A[1])⊗Γ(E).
Proof. From Conditions (a) and (b), we see that Q(Γ(∧•A∗)) does not contain any terms in E•, and
Q(Γ(E∗i )) ∩
(
Γ(∧•A∗)⊕ Γ(∧≥2E∗•)
)
= 0.
Such a vector field Q maps C(A[1]) ⊗ Γ(E) to itself. The fact that Q is a derivation satisfying Q2 = 0
implies that (E , Q|C(A[1])⊗Γ(E)) ∈ Rep∞(A). It is not hard to see that Q is an extension of Q|C(A[1])⊗Γ(E)
by graded Leibniz rule. Thus, the Lie n-algebroid given by (19) is exactly A ⋉ E . We leave the other
direction to the reader as an exercise.
Remark 3.4 Suppose that the Lie n-algebroid structure corresponding to Q is given by ρ and {li}
n+1
i=1 .
Then Conditions (a) and (b) are equivalent to
(i) l2|∧2A = [·, ·]A, li|∧iA = 0, i > 2, ρ|A = ρA, and ρ|E0 = 0;
(ii) li(vk, vl, . . . ) = 0, for vk ∈ Γ(E−k) and vl ∈ Γ(E−l);
(iii) li(X1, . . . , Xi−1, vk) ∈ Γ(E−k−i+2), for Xj ∈ Γ(A), j = 1, · · · , i− 1, vk ∈ Γ(E−k).
The advantage of these criteria is that they apply to the infinite dimensional case since no dual space is
involved. Moreover, we notice that the only condition to check in (iii) is
(iii’) l2(X, v0) ∈ Γ(E0), for X ∈ Γ(A) and v0 ∈ Γ(E0);
all the rest automatically hold for degree reasons.
Now we make the brackets and the anchor of the semidirect product Lie 2-algebroid more explicit.
Let E = E−1 ⊕ E0 be a 2-term graded vector bundle and (E , D) a representation up to homotopy of a
Lie algebroid A. From Example 2.10, we know that D = ∂ + d∇ + ω.
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Proposition 3.5 Let (E , D) be a 2-term representation up to homotopy of a Lie algebroid A, where
D = ∂ + d∇ + ω. Then, the semidirect product Lie 2-algebroid structure on the graded vector bundle
[A⊕ E0]⊕ E−1 is given by
ρ(X + u) = ρA(X), (20)
l1(m) = ∂m, (21)
l2(X + u, Y + v) = [X,Y ]A +∇Xv −∇Y u, (22)
l2(X + u,m) = ∇Xm, (23)
l3(X + u, Y + v, Z + w) = −ω(X,Y )(w) − ω(Y, Z)(u)− ω(Z,X)(v), (24)
for all X,Y, Z ∈ Γ(A), u, v, w ∈ Γ(E0), m ∈ Γ(E−1).
Proof. Let D∗ : C(M) ⊗ Γ
(
E∗
)
−→ C(M) ⊗ Γ
(
E∗
)
be the dual 2-term representation up to homotopy
of A on E∗, and D˜ : C(M)⊗Γ
(
Sym(E [1])∗
)
−→ C(M)⊗Γ
(
Sym(E [1])∗
)
the 2-term representation up to
homotopy of A on Sym(E [1])∗. We decompose D∗ = ∂∗ + d∇∗ + ω∗, where ∇∗ is the dual A-connection
on E∗, ∂∗ and ω∗ are given by ∂∗(ξ0)(m) = −ξ0(∂m) and ω∗(X,Y )(ξ1)(u) = ξ1(ω(X,Y )(u)), for all
ξ1 ∈ Γ(E∗−1), ξ
0 ∈ Γ(E∗0 ), u ∈ Γ(E0),m ∈ Γ(E−1) and X,Y ∈ Γ(A).
Now we apply the equations in (6) repetitively. For all f ∈ C∞(M), by Proposition 3.3, we have
D˜(f) = ρ∗(df) = dAf, which implies that ρ(X + u) = ρA(X).
Similarly, for all ξ0 ∈ Γ(E∗0 ), m ∈ E−1, we have D˜(ξ
0)(m) = D∗(ξ0)(m) = ∂∗(ξ0)(m) = ξ0(−∂m). On
the other hand, we have D˜(ξ0)(m) = ξ0(−l1(m)), which implies that l1 = ∂.
For all X ∈ Γ(A), u ∈ Γ(E0), we have
D˜(ξ0)(X,u) = D∗(ξ0)(X,u) = d∇∗ξ0(X)(u) = (∇∗Xξ
0)(u) = ρ(X)(ξ0(u))− ξ0(∇Xu).
On the other hand, we have D˜(ξ0)(X,u) = ρ(X)(ξ0(u))−ξ0(l2(X,u)), which implies that l2(X,u) = ∇Xu.
For all φ ∈ Γ(A∗), by Proposition 3.3, we have D˜(φ)(X,Y ) = dAφ(X,Y ) = ρ(X)φ(Y )− ρ(Y )φ(X)−
φ([X,Y ]A). On the other hand, we have D˜φ(X,Y ) = ρ(X)φ(Y )−ρ(Y )φ(X)−φ(l2(X,Y )), which implies
that l2(X,Y ) = [X,Y ]A.
Similarly, for all ξ1 ∈ Γ(E∗−1), we have
D˜(ξ1)(X,m) = D∗(ξ1)(X,m) = d∇∗ξ1(X)(m) = ∇∗Xξ
1(m) = ρ(X)ξ1(m)− ξ1(∇Xm).
Comparing with D˜(ξ1)(X,m) = ρ(X)ξ1(m)− ξ1(l2(X,m)), we have l2(X,m) = ∇Xm.
Finally, by comparing
D˜(ξ1)(X,Y, u) = ω∗(ξ1)(X,Y, u) = ω∗(X,Y )(ξ1)(u) = ξ1(ω(X,Y )(u))
with D˜(ξ1)(X,Y, u) = (ξ1,−l3(X,Y, u)), we see that l3(X,Y, u) = −ω(X,Y )(u), which implies that (24)
holds. The proof is finished.
Recall from [ACb, Example 3.28] that a Lie algebroid A has a natural coadjoint representation up
to homotopy on T ∗M
ρ∗
−→ A∗, which is given by a choice of A-connection on T ∗M . Moreover, any
two connections induce equivalent representations and equivalent representations give rise to isomorphic
semidirect products. When A = TM , we obtain a representation up to homotopy of TM on T ∗M
id
−→
T ∗M , that is, a TM -connection ∇ on T ∗M , and a 2-form ω ∈ Ω2(TM,End(T ∗M,T ∗M)) satisfying
∇[X,Y ] − [∇X ,∇Y ] = ω(X,Y ), ∀X,Y ∈ Γ(TM).
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Then by Proposition 3.5, the Lie 2-algebroid structure on TM ⋉ (T ∗M
id
−→ T ∗M) is given by
ρ(X + ξ) = ρA(X) (25)
l1(α) = α, (26)
l2(X + ξ, Y + η) = [X,Y ] +∇X(η)−∇Y (ξ), (27)
l2(X + ξ, α) = ∇X(α), (28)
l3(X + ξ, Y + η, Z + γ) = −ω(X,Y )(γ)− ω(Y, Z)(ξ)− ω(Z,X)(η), (29)
for all X,Y, Z ∈ Γ(TM), ξ, η, γ, α ∈ Γ(T ∗M). Since this is the case relevant to the construction of the
Courant algebroid, we now explicitly write down the isomorphism between the semidirect products given
by two representations up to homotopy (∇, ω) and (∇′, ω′) of TM . We assume that ∇X −∇′X = B(X)
for some bundle map B : TM −→ Hom(T ∗M,T ∗M). Then it is not hard to check that f = (f0, f1, f2) :
TM ⋉∇,ω (T ∗M
id
−→ T ∗M) −→ TM ⋉∇′,ω′ (T ∗M
id
−→ T ∗M) defined by
f0 = id : TM ⊕ T ∗M −→ TM ⊕ T ∗M,
f1 = id : T ∗M −→ T ∗M,
f2(X + ξ, Y + η) = B(X)(η)−B(Y )(ξ).
preserves the anchor and the brackets in an L∞-fashion (see Remark 2.5). Thus, it is an isomorphism
of Lie 2-algebroids. Therefore, if we only care about the isomorphism class, we can take the semidirect
product TM ⋉ (T ∗M
id
−→ T ∗M).
In the following, we show that the standard Courant algebroid is a semidirect product with the help
of Proposition 3.3.
Theorem 3.6 The semidirect product TM ⋉ (T ∗M
id
−→ T ∗M) gives rise to the underlying degree 2 NQ
manifold T ∗[2]T [1]M of the standard Courant algebroid.
Proof. Recall from Section 2.3, in local coordinates therein, the homological vector field of the standard
Courant algebroid T ∗[2]T [1]M is
Q = ξi
∂
∂qi
+ pi
∂
∂θi
. (30)
Thus we only need to show that this Q satisfies Conditions (a)-(b) listed in Proposition 3.3. For all
f ∈ C∞(M), we have Q(f) = ξi ∂f
∂qi
= df. For all ξ = fjξj ∈ Γ(T ∗[1]M), with fj ∈ C∞(M), we have
Q(ξ) = ξi
∂ξ
∂qi
=
∂fj
∂qi
ξiξj = dξ ∈ Ω2(M).
Then the fact that Q satisfies Condition (a) in Proposition 3.3 follows from the derivation property of Q.
For all θ = f jθj ∈ Γ(T [1]M), with f j ∈ C∞(M), we have
Q(θ) = ξi
∂θ
∂qi
+ pi
∂θ
∂θi
= ξi
∂f j
∂qi
θj + f jpi
∂θj
∂θi
=
∂f j
∂qi
ξiθj + f ipi.
For all p = f jpj ∈ Γ(T ∗[2]M), we have Q(p) = ξi
∂p
∂qi
= ∂f
j
∂qi
ξipj . Thus Condition (b) in Proposition 3.3
is also satisfied.
Remark 3.7 In local coordinates (qi, ξi, pi, θi), we are free to choose the flat TM -connection ∇ on T ∗M
given by ∇θiξ
j = 0. Since it is flat, ω = 0. It is straightforward to see that in this case, D = ∂+d∇+ω =
id+d∇ is exactly given by ξi ∂∂qi + pi
∂
∂θi
.
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Remark 3.8 For r > 2, T ∗[r]T [1]M (see [Zam, Section 8]) can be similarly realized as a Lie r-algebroid
of the semidirect product of TM with T ∗M
id
−→ T ∗M → 0 · · · → 0 where T ∗M lives in degrees −r+1 and
−r + 2. With a shifted version of the coordinate functions in Section 2.3, the canonical symplectic form
dpidq
i+dξidθi is of degree r, the Hamiltonian function piξi is of degree r+1 and Q = ξi ∂∂qi +(−1)
rpi
∂
∂θi
.
Using Getzler’s higher derived brackets [Get], Zambon constructed a Lie r-algebra in [Zam, Section
8]. This Lie r-algebra can be viewed as a higher extension of the Lie 2-algebra related to a Courant
algebroid constructed in [RW98]. Now we realize this Lie r-algebra as a semidirect product. Thus, our
observation here is a higher analogue of the example we gave in [SZ].
Example 3.9 Given a manifold M and an integer r ≥ 2, we recall from [Zam, Proposition 8.1] the Lie
r-algebra structure on
C∞(M)
d
−→ . . .
d
−→ Ωr−2(M)
d
−→ X(M)⊕ Ωr−1(M),
• l1 is given by de Rham differential d;
• l2 is given by
l2((X, ξ), (Y, η)) = [X,Y ] + LXη − LY ξ −
1
2
d(iXη − iY ξ),
l2((X, ξ), α) =
1
2
LXα,
for all (X, ξ), (Y, η) ∈ X(M)⊕ Ωr−1(M) and α ∈ Ωi(<r−1)(M);
• l3 is given by
l3(e1, e2, e3) = −
1
6
(
〈l2(e1, e2), e3〉+ c.p.
)
,
l3(α, e1, e2) = −
1
6
(1
2
(iX1LX2 − iX2LX1) + i[X1,X2]
)
α,
for all e1 = (X1, ξ1), e2 = (X2, ξ2) ∈ X(M) ⊕ Ωr−1(M) and α ∈ Ωi(<r−1)(M), where the pairing
〈·, ·〉 : (TM ⊕ ∧r−1T ∗M)× (TM ⊕ ∧r−1T ∗M) −→ ∧r−2T ∗M is given by
〈(X, ξ), (Y, η)〉 = iXη + iY ξ.
• ln, for n > 3 with n an odd integer, is given by
ln(e1, · · · , en) =
∑
i
ln(X1, · · · , ξi, · · · , Xn)
with
ln(ξ,X1, · · · , Xn−1) =
(−1)
n+1
2 12Bn−1
(n− 1)(n− 2)
∑
i<j
(−1)i+j+1iXn−1 · · · îXj · · · îXi · · · iX1 l3(ξ,Xi, Xj),
and
ln(α,X1, · · · , Xn−1) =
(−1)
n+1
2 12Bn−1
(n− 1)(n− 2)
∑
i<j
(−1)i+j+1iXn−1 · · · îXj · · · îXi · · · iX1 l3(α,Xi, Xj),
where ei = (Xi, ξi) ∈ X(M)⊕ Ωr−1(M), ξ ∈ Ωr−1(M) and α ∈ Ωi(<r−1)(M). Here the B’s denote
the Bernoulli numbers.
Take A = X(M) and Er = C∞(M)⊕Ω1(M)⊕· · ·⊕Ωr−1(M). It is easy to see that the Lie r-algebra struc-
ture satisfies the three conditions in Remark 3.4. Thus, this Lie r-algebra is simply X(M)⋉
(
C∞(M)
d
−→
Ω1(M)
d
−→ . . .
d
−→ Ωr−1(M)
)
. The complexity of the brackets gives us a very interesting L∞-module of
X(M).
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4 Extensions of Lie 2-algebroids
Recall that there is a one-to-one correspondence between Lie algebra extensions of a Lie algebra g by a g-
module V andH2(g, V ) (which includes the information of V as a g-module). Given a split Lie n-algebroid
(A, {li}
n+1
i=1 , ρ) and a representation up to homotopy (E , D), we have a very natural cohomology group
H•(A, E) associated to this representation up to homotopy, by taking the cohomology of the complex
D : C(A) ⊗ Γ(E)→ C(A)⊗ Γ(E). Thus we might ask the following questions:
• What kind of extensions up to isomorphisms may be measured by the cohomology group H•(A, E)?
• Will these extensions contain nice examples such as Courant algebroids?
The answer of the first question is given exactly by the abelian extensions that we will define in the
sequel. Furthermore, it turns out that all the examples we care in this paper are covered by this kind of
extensions.
Now we consider extensions of Lie 2-algebroids of the following form:
0
0
−−−−→ E−1
id−1
−−−−→ Â−1 = E−1
0
−−−−→ 0
0
−−−−→ 0
0
y ∂y ∂̂y 0y 0y
0
0
−−−−→ E0
i
−−−−→ Â0
p
−−−−→ A
0
−−−−→ 0
(31)
The exact sequence consists of two exact sequences of vector bundles with all squares commutative
diagrams of vector bundles over the same base M . Moreover, A is a Lie algebroid viewed as the Lie
2-algebroid 0
0
−→ A as in Example 2.6, E−1
∂
−→ E0 is a 2-term complex of vector bundles viewed as an
abelian Lie 2-algebroid as in Example 2.7, (Â−1
∂̂
−→ Â0, ρˆ, lˆ2, lˆ3) is a Lie 2-algebroid, and (id−1, i) and
(0,p) are strict morphisms (see Remark 2.5) over idM between Lie 2-algebroids. We call this sort of
extension a 2-term abelian extension of a Lie algebroid A if
lˆ3(i(u), i(v), ·) = 0, ∀u, v ∈ Γ(E0). (32)
We will simply write E −→ Â −→ A as an abelian extension of a Lie algebroid A by a 2-term complex
E : E−1
∂
−→ E0.
Let E −→ Â −→ A and E −→ A˜ −→ A be two abelian extensions of A by the 2-term complex E :
E−1
∂
−→ E0. An isomorphism between them is a Lie 2-algebroid isomorphism f = (f0, f1, f2) : Â −→ A˜
(not necessarily strict, see Definition 2.4 and Remark 2.5) satisfying
f2(i(u), ·) = 0, ∀ u ∈ Γ(E0), (33)
and the following commutative diagram:
E // Â
f

// A
E // A˜ // A.
Given an extension (31), we notice that p admits a splitting σ : A → Â0 by partitions of unity, so
we can write Â0 = A ⊕ E0. Since the diagram is commutative, we have that ∂ˆ = 0 + ∂, ρˆ = ρA and
i is the inclusion map, which we usually omit. Define an A-connection ∇ = (∇−1,∇0) on the complex
E−1
∂
−→ E0 and ω : ∧2A −→ End(E0, E−1) by
∇0X(u) = lˆ2(σ(X), u),
∇−1X (m) = lˆ2(σ(X),m),
ω(X,Y )(u) = −lˆ3(σ(X), σ(Y ), u),
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and define c2 ∈ Γ(Hom(∧2A,E0)) and c3 ∈ Γ(Hom(∧3A,E−1)) by
c2(X,Y ) = lˆ2(σ(X), σ(Y ))− σ([X,Y ]A), c3(X,Y, Z) = lˆ3(σ(X), σ(Y ), σ(Z)),
for all X,Y, Z ∈ Γ(A), u ∈ Γ(E0), m ∈ Γ(E−1).
Lemma 4.1 With the above notations, (∇, ω) gives a representation up to homotopy of the Lie algebroid
A on the complex E : E−1
∂
−→ E0.
An extension of A is called central if (∇, ω) = 0.
Proof. It is not hard to deduce that
[∇X ,∇Y ](u)−∇[X,Y ]Au
= lˆ2(σ(X), lˆ2(σ(Y ), u))− lˆ2(σ(Y ), lˆ2(σ(X), u))− lˆ2(σ([X,Y ]A), u)
= lˆ2(σ(X), lˆ2(σ(Y ), u))− lˆ2(σ(Y ), lˆ2(σ(X), u))
−lˆ2(lˆ2(σ(X), σ(Y )), u) + lˆ2(c2(X,Y ), u).
Thus, we have
[∇X ,∇Y ](u)−∇[X,Y ]Au = ∂ˆlˆ3(σ(X), σ(Y ), u) = −∂(ω(X,Y )(u)).
Similarly, we have
[∇X ,∇Y ](m)−∇[X,Y ]Am = lˆ3(σ(X), σ(Y ), ∂m) = −ω(X,Y )(∂m).
By (32), we have
[∇X , ω(Y, Z)](u) = ∇Xω(Y, Z)(u)− ω(Y, Z)(∇Xu)
= −lˆ2(σ(X), lˆ3(σ(Y ), σ(Z), u)) + lˆ3(σ(Y ), σ(Z), lˆ2(σ(X), u)),
ω([X,Y ]A, Z)(u) = −lˆ3(σ([X,Y ]A), σ(Z), u)
= −lˆ3(lˆ2(σ(X), σ(Y ))− c2(X,Y ), σ(Z), u)
= −lˆ3(lˆ2(σ(X), σ(Y )), σ(Z), u).
Since lˆ2(lˆ3(σ(X), σ(Y ), σ(Z)), u) = 0, by the Jacobiator identity involving lˆ3, we deduce that
[∇X , ω(Y, Z)]− ω([X,Y ]A, Z) + c.p.(X,Y, Z) = 0,
which implies that (∇, ω) is a representation up to homotopy of A on E−1
∂
−→ E0.
Now we recall how to define the cohomology H•(A, E) for a 2-term representation up to homotopy
(E = E−1 ⊕ E0, D) of a Lie algebroid A. Such a representation up to homotopy gives us a complex:
Γ(E−1)
D
−→ Γ(E0 ⊕Hom(A,E−1))
D
−→ Γ(Hom(A,E0)⊕Hom(∧2A,E−1))
D
−→
Γ(Hom(∧2A,E0)⊕Hom(∧3A,E−1))
D
−→ Γ(Hom(∧3A,E0)⊕Hom(∧4A,E−1)) −→ · · · .
(34)
We write D = ∂ + d∇ + ω according to Example 2.10. Then for any k-cochain
(̟1, ̟2) ∈ Γ(Hom(∧
kA,E0)⊕Hom(∧
k+1A,E−1)),
we have
D(̟1, ̟2) = (d∇̟1 + ∂(̟2), d∇̟2 + ω(̟1)). (35)
This complex eventually gives us the cohomology H•(A, E) with the coefficient in the representation up
to homotopy E .
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In particular, for a 2-cochain (c2, c3) ∈ Γ(Hom(∧2A,E0)⊕Hom(∧3A,E−1)), we have
D(c2, c3) = (d∇c2 + ∂(c3)) + (d∇c3 + ω(c2)) ∈ Γ(Hom(∧3A,E0)⊕Hom(∧4A,E−1)).
Thus, (c2, c3) is a 2-cocycle if and only if
d∇c2 + ∂(c3) = 0, d∇c3 + ω(c2) = 0.
Transferring the Lie 2-algebroid structure (Â−1
lˆ1=∂̂−−−→ Â0, ρˆ, lˆ2, lˆ3) to the isomorphic complexE−1
0+∂
−−−→
A⊕ E0, we obtain the Lie 2-algebroid (E−1
0+∂
−−−→ A⊕ E0, ρ, l2, l3), where

ρ(X + u) = ρA(X),
l2(X + u, Y + v) = [X,Y ]A +∇Xv −∇Y u+ c2(X,Y ),
l2(X + u,m) = ∇Xm,
l3(X + u, Y + v, Z + w) = c3(X,Y, Z)−
(
ω(X,Y )(w) + ω(Y, Z)(u) + ω(Z,X)(v)
)
.
(36)
Lemma 4.2 With the above notations, the fact that Eq. (36) gives a Lie 2-algebroid structure implies
that (c2, c3) is a 2-cocycle of the Lie algebroid A with coefficients in the representation up to homotopy
(E−1
∂
−→ E0,∇, ω) (see the complex (34)).
Conversely, given a 2-term representation up to homotopy (E−1
∂
−→ E0,∇, ω) of A and a 2-cocycle
(c2, c3) ∈ Hom(∧2A,E0)⊕Hom(∧3A,E−1), defining ρ, l2, l3 by (36), we obtain a Lie 2-algebroid,
A⋉(c2,c3) E := (E−1
0+∂
−−−→ A⊕ E0, ρ, l2, l3),
which is a 2-term abelian extension of A fitting into (31).
Proof. Assume that Eq. (36) gives rise to a Lie 2-algebroid structure. Then we have
l2(Z + w, l2(X + u, Y + v)) + c.p.(Z + w,X + u, Y + v)
= ∂l3(Z + w,X + u, Y + v)
= ∂c3(X,Y, Z)− ∂
(
ω(X,Y )(w) + ω(Y, Z)(u) + ω(Z,X)(v)
)
.
On the other hand, by direct computations, we have
l2(Z + w, l2(X + u, Y + v)) + c.p.(Z + w,X + u, Y + v)
= l2(Z + w, [X,Y ]A +∇Xv −∇Y u+ c2(X,Y )) + c.p.(Z + w,X + u, Y + v)
= −∇[X,Y ]Aw +∇Z∇Xv −∇Z∇Y u+∇Zc2(X,Y )
+c2(Z, [X,Y ]A) + c.p.(Z + w,X + u, Y + v)
= d∇c2(X,Y, Z)− ∂
(
ω(X,Y )(w) + ω(Y, Z)(u) + ω(Z,X)(v)
)
.
Thus, we have d∇c2(X,Y, Z)− ∂c3(X,Y, Z) = 0, i.e.
d∇c2 + ∂(c3) = 0. (37)
By (7), we have
l2(X + u, l3(Y + v, Z + w,P + t))− l2(Y + v, l3(X + u, Z + w,P + t))
+l2(Z + w, l3(X + u, Y + v, P + t))− l2(P + t, l3(X + u, Y + v, Z + w))
= l3(l2(X + u, Y + v), Z + w,P + t)− l3(l2(X + u, Z + w), Y + v, P + t)
+l3(l2(X + u, P + t), Y + v, Z + w) + l3(l2(Y + v, Z + w), X + u, P + t)
−l3(l2(Y + v, P + t), X + u, Z + w) + l3(l2(Z + w,P + t), X + u, Y + v).
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By (36) and the fact that (∇, ω) is a representation up to homotopy, we deduce that
d∇c3 + ω(c2) = 0. (38)
By (37) and (38), we deduce that (c2, c3) is a 2-cocycle. It is straightforward to check that the converse
part also holds. The proof is completed.
Denote by c˜2 : Γ(E∗0 ) −→ Γ(∧
2A∗) and c˜3 : Γ(E∗−1) −→ Γ(∧
3A∗) the dual of c2 and c3 respectively,
i.e.
c˜2(ξ
0)(X,Y ) = −ξ0(c2(X,Y )), c˜3(ξ
1)(X,Y, Z) = ξ1(c3(X,Y, Z)), (39)
for all ξ0 ∈ Γ(E∗0 ), ξ
1 ∈ Γ(E∗−1) and X,Y, Z ∈ Γ(A). We denote their graded derivation extension on
C((A ⊕ E)[1]) by the same notation. Then, we have
Proposition 4.3 The Chevalley-Eilenberg complex C
(
(A⊕E)[1]
)
associated to A⋉(c2,c3) E with the Lie
2-algebroid structure (36) is given by
C∞(M)
D̂
−→ Γ((A⊕ E0)∗)
D̂
−→ Γ(∧2(A⊕ E0)∗)⊕ Γ(E∗−1)
D̂
−→ Γ(∧3(A⊕ E0)∗)⊕ Γ((A ⊕ E0)∗)⊗ Γ(E∗−1)
D̂
−→ · · · ,
(40)
in which Γ(A) and Γ(E∗0 ) are of degree 1 and Γ(E
∗
−1) is of degree 2, and D̂ is given by
D̂ = D˜ + c˜2 + c˜3,
with D˜ the induced representation up to homotopy on Sym((E [1])∗).
Proof. For all ξ0 ∈ Γ(E∗0 ) and X,Y ∈ Γ(A), we have
D̂(ξ0)(X,Y ) = 〈ξ0,−l2(X,Y )〉 = 〈ξ0,−c2(X,Y )〉,
which implies that D̂(ξ0)(X,Y ) = c˜2(ξ0)(X,Y ). Similarly, for any ξ1 ∈ E∗−1, we have D̂(ξ
1)(X,Y, Z) =
〈ξ1, l3(X,Y, Z)〉 = 〈ξ1, c3(X,Y, Z)〉. Thus we have D̂(ξ1)(X,Y, Z) = c˜3(ξ1)(X,Y, Z). Therefore D̂ =
D˜ + c˜2 + c˜3. Since D̂ is given by a Lie 2-algebroid structure, it must satisfy D̂2 = 0.
Give a representation up to homotopy (E ,∇, ω) and a 2-cocycle (c2, c3), by Lemma 4.2, we can
construct an extension of Lie 2-algebroid A⋉(c2,c3) E . We now prove that the extension does not depend
on the cocycle itself but only on its cohomology class in H2(A, E).
Proposition 4.4 If two 2-cocycles (c2, c3) and (c′2, c
′
3) represent the same cohomology class in H
2(A, E),
then the corresponding extensions A⋉(c2,c3) E and A⋉(c′2,c′3) E are isomorphic.
Conversely, if extensions A⋉(c2,c3)E and A⋉(c′2,c′3)E are isomorphic, then (c2, c3) and (c
′
2, c
′
3) represent
the same cohomology class.
Proof. Assume that 2-cocycles (c2, c3) and (c′2, c
′
3) represent the same cohomology, then we have (c2, c3) =
(c′2, c
′
3) +D(e1, e2), for some (e1, e2) ∈ Γ(Hom(A,E0)⊕Hom(∧
2A,E−1)). More precisely,
c2 = c
′
2 + d∇e1 + ∂(e2), c3 = c
′
3 + d∇e2 + ω(e1).
Define (f0, f1) : A⋉(c2,c3) E −→ A⋉(c′2,c′3) E , and f2 : ∧
2(A⊕ E0) −→ E−1 by
f0(X + u) = X + u+ e1(X), f1(m) = m, f2(X + u, Y + v) = e2(X,Y ),
for all X,Y ∈ Γ(A), u, v ∈ Γ(E0) andm ∈ Γ(E−1). It is clear that (f0, f1) is an isomorphism of complexes
of vector bundles and f2(u, ·) = 0. Thus we only need to show that (f0, f1, f2) preserve the anchor and
the brackets in an L∞-fashion (see Remark 2.5). First we have
ρ(X + u) = ρA(X) = ρ
′(X + u+ e1(X)) = ρ
′(f0(X + u)),
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which implies that f0 preserves the anchor. Moreover, we have
l′2(f0(X + u), f0(Y + v))
= l′2(X + u+ e1(X), Y + v + e1(Y ))
= [X,Y ]A +∇X(v)−∇Y (u) +∇X(e1(Y ))−∇Y (e1(X)) + c′2(X,Y ),
and
f0l2(X + u, Y + v) = [X,Y ]A +∇X(v)−∇Y (u) + e1([X,Y ]A) + c2(X,Y ).
Thus, we have
f0l2(X + u, Y + v)− l′2(f0(X + u), f0(Y + v)) = −d∇e1(X,Y ) + (c2 − c
′
2)(X,Y )
= ∂e2(X,Y )
= ∂f2(X + u, Y + v).
Similarly, we have
f1l2(X + u,m)− l
′
2(f0(X + u), f1(m)) = ∇X(m)−∇X(m) = 0
= f2(X + u, ∂m).
By computations, we have
l′2(f0(X + u), f2(Y + v, Z + w))− f2(l2(X + u, Y + v), Z + w) + c.p.(X + u, Y + v, Z + w)
= l′2(X + u+ e1(X), e2(Y, Z))− f2([X,Y ]A +∇X(v) −∇Y (u) + c2(X,Y ), Z + w)
+c.p.(X + u, Y + v, Z + w)
= ∇Xe2(Y, Z)− e2([X,Y ]A, Z) + c.p.(X,Y, Z)
= d∇e2(X,Y, Z).
On the other hand, we have
f1l3(X + u, Y + v, Z + w)− l′3(f0(X + u), f0(Y + v), f0(Z + w))
= c3(X,Y, Z)− c′3(X,Y, Z) +
(
ω(X,Y )(e1(Z)) + c.p.(X,Y, Z)
)
= c3(X,Y, Z)− c
′
3(X,Y, Z)− ω(e1)(X,Y, Z)
= d∇e2(X,Y, Z).
Thus, (f0, f1, f2) is an isomorphism from the Lie 2-algebroid A⋉(c2,c3) E to A⋉(c′2,c′3) E . Furthermore, it
is obvious that the corresponding extensions are also isomorphic.
Conversely, given two 2-cocycles (c2, c3) and (c′2, c
′
3), let (f0, f1, f2) be an isomorphism of the resulting
extensions, we can assume that
f0(X + u) = X + e1(X) + u, f1(m) = m,
for some e1 ∈ Γ(Hom(A,E0)). By computations, we have
l′2(f0(X + u), f0(Y + v)) = [X,Y ]A +∇Xe1(Y ) +∇Xv −∇Y e1(X)−∇Y u+ c
′
2(X,Y ),
and
f0(l2(X + u, Y + v)) = [X,Y ]A + e1([X,Y ]A) +∇Xv −∇Y u+ c2(X,Y ).
By (8), we obtain
c2(X,Y )− c
′
2(X,Y ) = (d∇e1)(X,Y ) + ∂f2(X,Y ). (41)
18
Furthermore, we have
l′3(f0(X + u), f0(Y + v), f0(Z + w)) = c
′
3(X,Y, Z)−
(
ω(X,Y )(e1(Z) + c.p.(X,Y, Z)
)
−
(
ω(X,Y )(w) + ω(Y, Z)(u) + ω(Z,X)(v)
)
,
f1(l3(X + u, Y + v, Z + w)) = c3(X,Y, Z)−
(
ω(X,Y )(w) + ω(Y, Z)(u) + ω(Z,X)(v)
)
.
Thus, we have
l′3(f0(X + u), f0(Y + v), f0(Z + w))− f1(l3(X + u, Y + v, Z + w))
= c′3(X,Y, Z)− c3(X,Y, Z)−
(
ω(X,Y )(e1(Z)) + c.p.(X,Y, Z)
)
.
On the other hand, by the fact f2(u, ·) = 0 for all u ∈ Γ(E0), we have
l′2(f0(X + u), f2(Y + v, Z + w))− f2(l2(X + u, Y + v), Z + w) + c.p.(X + u, Y + v, Z + w)
= d∇f2(X,Y, Z).
By (10), we obtain
(c3 − c
′
3)(X,Y, Z) = d∇f2(X,Y, Z)−
(
ω(X,Y )(e1(Z)) + c.p.(X,Y, Z)
)
. (42)
Define e2 ∈ Γ(Hom(∧2A,E−1)) by e2(X,Y ) = f2(X,Y ). By (41) and (42), we have
(c2, c3) = (c′2, c
′
3) +D(e1, e2).
Therefore, (c2, c3) and (c′2, c
′
3) are in the same cohomology class.
Thus, by Lemma 4.1, Lemma 4.2, Proposition 4.3 and Proposition 4.4, we have the following conclusion
Theorem 4.5 Given a Lie algebroid A and its 2-term representation up to homotopy E, the isomorphism
classes of the abelian extensions of A by E are classified by H2(A, E).
Remark 4.6 It turns out that the natural cohomology group H•(A, E) is not enough to include general
abelian extensions even in the case of L∞-algebras if we do not add Conditions (32) and (33). One needs
to go to a more general version of cohomology group as given in [Laz]. In [Laz], Lazarev established a one-
to-one correspondence between isomorphic classes of extensions of an L∞-algebra U by an L∞-algebra I
and equivalent classes of L∞-morphisms from U to the differential graded Lie algebra CCE(I, I)[1], where
CCE(I, I) denotes the Chevalley-Eilenberg complex of the L∞-algebra I.
Recall that in the classical case, extensions of a Lie algebra g by a g-module V are classified by
H2(g, V ). In this case, there is a cohomology group in the classical sense. That is, it is the cohomology of
a cochain complex (the Chevalley-Eilenberg complex) Sym(g[1])∗ ⊗ V . But already when dealing with the
nonabelian case, there is no representation and no cohomology in the classical sense. However, we may
replace them by studying L∞-morphisms. Nonabelian extensions of a Lie algebra g by a Lie algebra h one-
to-one correspond to L∞-morphisms from g to the Lie 2-algebra h
ad
−→ Der(h). The connection of the two
points of view is as follow: k-cocycles of Chevalley-Eilenberg complex Sym((g[1])∗)⊗V can be understood
as L∞-morphisms g → End(V [k − 2]) ⊕ V [k − 1] such that their restriction on g → End(V [k − 2]) is
given by the g representation on V , and the space of k-coboundaries is given by homotopies between L∞-
morphisms. For extensions of L∞-algebras, Lazarev replaces the right hand side of the L∞-morphisms
by a much bigger space, namely the space of derivations on the symmetric algebra of the dual of the
L∞-module. What we see in our version of cohomology group may be viewed as the constant and linear
terms. Therefore, the correct cohomology group corresponding to general extensions is rather big: only
in the cofibrant case (e.g. when the kernel of the extension is free), the space is equivalent to (but not
necessarily the same as) the classical case (see Lemma 2.2 in [Laz]).
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Nevertheless, our version of cohomology group has its adventage of being very explicit. Moreover, the
space of cocycles and coboundaries has nice geometric meaning as explained in the theory of representation
up to homotopy. We reserve the generalization of Lazarev’s work to the Lie algebroid context for future
study.
We call the element in H2(A, E) corresponding to an extension, the extension class of this extension.
When the extension class is 0, the extension is given by the semidirect product in the last section. Thus
we also have
Theorem 4.7 Given a Lie algebroid A and its 2-term representation up to homotopy E, an abelian
extension of A by E is isomorphic to the semidirect product A ⋉ E if and only if its extension class in
H2(A, E) is trivial.
Similarly to Theorem 3.3, we have
Theorem 4.8 Let E = E−1 ⊕ E0 be a 2-term graded vector bundle over M and A a Lie algebroid over
M . Suppose that there is a Lie 2-algebroid structure on (A⊕ E0)⊕ E−1 given by a degree 1 homological
vector field Q,
C∞(M)
Q
−→ Γ((A⊕ E0)∗)
Q
−→ Γ(∧2(A⊕ E0)∗)⊕ Γ(E∗−1)
Q
−→ Γ(∧3(A⊕ E0)
∗)⊕ Γ((A ⊕ E0)
∗)⊗ Γ(E∗−1)
Q
−→ · · · .
Then this Lie 2-algebroid is the abelian extension of A if and only if the following conditions are satisfied:
(1). the restriction of Q on C∞(M)⊕ Γ(∧•A∗) is exactly given by dA,
(2). Q(Γ(E∗0 )) ⊂ Γ(E
∗
−1)⊕ Γ(A
∗ ⊗ E∗0 )⊕ Γ(∧
2A∗),
(3). Q(Γ(E∗−1)) ⊂ Γ(A
∗ ⊗ E∗−1)⊕ Γ(∧
2A∗ ⊗ E∗0 )⊕ Γ(∧
3A∗).
Moreover, we have a twisted version of Theorem 3.6 (which is in the case of (c2, c3) = 0):
Proposition 4.9 The underlying NQ manifold of the exact Courant algebroid T ∗[2]T [1]M with Ševera
class [H ] ∈ H3(M,R) is isomorphic to the one corresponding to the extension of TM by the coadjoint
representation up to homotopy (T ∗M
id
−→ T ∗M,∇, ω) with the extension class
(c2, c3) ∈ Γ(Hom(∧2TM, T ∗M)⊕Hom(∧3TM, T ∗M))
given by
c2(X,Y ) = iX∧YH, (43)
c3(X,Y, Z) = d∇c2(X,Y, Z) = ∇Xc2(Y, Z)− c2([X,Y ], Z) + c.p.(X,Y, Z). (44)
Proof. The extension Lie 2-algebroid structure is given by
l2(X + ξ, Y + η) = [X,Y ] +∇Xη −∇Y ξ + iX∧YH,
l2(X + ξ, η) = ∇Xη,
l3(X + ξ, Y + η, Z + γ) = d∇c2(X,Y, Z)−
(
ω(X,Y )(γ) + ω(Y, Z)(ξ) + ω(Z,X)(η)
)
.
It fits into the following exact sequence of Lie 2-algebroids,
0
0
−−−−→ T ∗M
id−1
−−−−→ T ∗M
0
−−−−→ 0
0
−−−−→ 0
0
y idy 0+idy 0y 0y
0
0
−−−−→ T ∗M
i
−−−−→ TM ⊕ T ∗M
p
−−−−→ TM
0
−−−−→ 0.
(45)
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To see that it corresponds to the exact Courant algebroid with Ševera class [H ], we only need to show that
in local coordinates, their degree 1 homological vector fields are same. Take the same local coordinates
as in Section 2.3 and choose the trivial connection given by these coordinates, that is ∇θiξ
j = 0 (see
Remark 3.7). By the same remark, we only need to show that in these coordinates, the dual c˜2, c˜3 of
c2, c3 satisfies
c˜2 + c˜3 =
1
6
∂φijk(q)
∂ql
ξiξjξk
∂
∂pl
−
1
6
φijk(q)ξiξj
∂
∂θk
.
In fact, by (39), we have c˜2(θk)(θi, θj) = −θk(c2(θi, θj)) = − 16φijk(q). Thus, c˜2 = −
1
6φijk(q)ξ
iξj ∂
∂θk
. Now
we have that c3 = d∇c2 = 16
∂φijk(q)
∂ql
ξiξjξkdql.Thus, by (39), we have c˜3(pl)(θi, θj, θk) = pl(c3(θi, θj , θk)) =
1
6
∂φijk(q)
∂ql
, which implies that c˜3 = 16
∂φijk(q)
∂ql
ξiξjξk ∂
∂pl
. This completes the proof.
However we have the following lemma:
Lemma 4.10 The cohomology group Hk(TM, T ∗M
id
−→ T ∗M) = 0 for all k ≥ 1.
Proof. Take a k-cocycle (ck, ck+1) ∈ Hom(∧kTM, T ∗M)⊕Hom(∧k+1TM, T ∗M). Then D(ck, ck+1) = 0
implies that d∇ck = (−1)kck+1. Thus (ck, ck+1) = D(0, (−1)kck) is a coboundary.
Thus, by Theorem 4.5, Proposition 4.9, and the above lemma, we conclude that,
Corollary 4.11 The exact Courant algebroid T ∗[2]T [1]M with Ševera class [H ] is isomorphic as NQ
manifolds to the standard Courant algebroid with 0 Ševera class.
This result is also proven in [LBŠ] using a different method.
We do have an example of non-trivial extension.
Example 4.12 (String Lie 2-algebras) A string Lie 2-algebra is a 2-term L∞-algebra gˆ with gˆ0 = g
a semisimple Lie algebra of compact type, gˆ−1 = R, and
∂̂ = 0,
l2((e1, r1), (e2, r2)) = ([e1, e2], 0),
l3((e1, r1), (e2, r2), (e3, r3)) = (0, 〈[e1, e2], e3〉Killing),
where e1, e2, e3 ∈ g, r1, r2, r3 ∈ R. Then a string Lie 2-algebra is a central extension of g by R→ 0,
0
0
−−−−→ R
id
−−−−→ gˆ−1
0
−−−−→ 0
0
−−−−→ 0
0
y 0y ∂̂
y 0y 0y
0
0
−−−−→ 0
i
−−−−→ gˆ0 = g
p
−−−−→ g
0
−−−−→ 0,
(46)
with the extension class represented by (0, c3) where
c3 : ∧3g→ R is given by c3(e1, e2, e3) = 〈[e1, e2], e3〉Killing.
It is not hard to see that the cochain space Ck(g,R→ 0) is precisely the usual cochain space Ck+1(g,R)
for Lie algebra cohomology. This relation descends to the cohomology level so that Hk(g,R → 0) =
Hk+1(g,R), which specially implies that H2(g,R→ 0) = H3(g,R) = R. Moreover, the class represented
by (0, c3) in H2(g,R → 0) corresponds to the class represented by c3 in H3(g,R), which is known to be
non-zero (actually it is the generator of H3(g,R) = R).
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5 Integration
We now integrate an abelian extension of a Lie algebroid A by a 2-term representation up to homotopy,
(E , D), with the extension class represented by a 2-cocycle, (c2, c3). The general idea is that we first
integrate the representation up to homotopy (E , D) to a representation up to homotopy (E , F1, F2) of the
fundamental Lie groupoid G of A. Then we integrate the extension class (c2, c3) into a groupoid extension
class (C2, C3). Then we use F1, F2 and (C2, C3) to construct the extension Lie 2-groupoid and take it as
the integration of the extension Lie 2-algebroid. Notice that both of the above two integration processes
have obstructions (see [ASb, Proposition 5.4], [ASa, Theorem 4.7]). Here we use this general idea more
as a guideline to construct the object integrating a Courant algebroid.
In the case of Courant algebroids, the Lie algebroid A = TM is the tangent bundle. Thus the
fundamental groupoid G is the usual fundamental groupoid Π1(M) = M˜ × M˜/π1(M) ⇒ M , where M˜
is the simply connected cover of M . When M is simply connected, Π1(M) = M ×M is simply the pair
groupoid. The representation up to homotopy of TM on T ∗M
id
−→ T ∗M is the coadjoint representation
up to homotopy. By [ACb, Theorem 3.11], any such two representations up to homotopy are equivalent.
Thus we assume that the coadjoint representation of TM integrates to a coadjoint representation up to
homotopy (T ∗M
id
−→ T ∗M,F1, F2) of Π1(M).
5.1 Preliminaries
Let G = (G1 ⇒ G0) be a Lie groupoid. We denote the space of sequences (g1, · · · , gk) of composable
arrows (i.e. t(gi) = s(gi−1)) in G by Gk.
Definition 5.1 [ACa] A unital 2-term representation up to homotopy of a Lie groupoid consists of
1. A 2-term complex of vector bundles over G0: E−1
∂
−→ E0.
2. A nonassociative representation F1 on E0 and E−1 satisfying
∂ ◦ F1 = F1 ◦ ∂, F1(1G) = id.
3. A smooth map F2 : G2 −→ End(V0, V−1) such that
F1(g1) · F1(g2)− F1(g1g2) = [∂, F2(g1, g2)], (47)
as well as
F1(g1) ◦ F2(g2, g3)− F2(g1g2, g3) + F2(g1, g2g3)− F2(g1, g2) ◦ F1(g3) = 0. (48)
Given such a representation up to homotopy (E , F1, F2), we can also define a complex to compute the
cohomology H•(G, E) as in the case of usual representations (see [ASa, Remark 2.8]). Here we recall the
formula in the case of a 2-term representation: the complex is
C(G, E)n = ⊕n=k+lC
k(G, El), where C
k(G, El) =Maps(Gk, t
∗El).
The differential D is given by D = ∂˜ + F˜1 + F˜2, where given η ∈ Ck(G, El),
∂˜(η) = ∂ ◦ η,
F˜1(η)(g1, · · · , gk+1) = (−1)k+l
(
F1(g1)η(g2, · · · , gk+1)
+
p∑
i=1
(−1)iη(g1, · · · , gigi+1, · · · , gk+1) + (−1)k+1η(g1, · · · , gk)
)
,
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and
F˜2(η)(g1, · · · , gk+2) = F2(g1, g2)(η(g3, · · · , gk+2)).
In the case of a 2-term representation E−1
∂
−→ E0, a 2-cochain is composed of two terms (C2, C3) ∈
C2(G,E0)⊕ C3(G,E−1). The cocycle conditions read
F˜1(C2) + ∂ ◦ C3 = 0, (49)
F˜1(C3) + F˜2(C2) = 0. (50)
Throughout this paper, unless specifically mentioned, all cocycles are normalized, that is,
η(g1, . . . , gk) = 0, if one of g1, . . . , gk is 1x for some x ∈ G0.
5.2 Extensions of Lie groupoids
First we recall a classical fact: given a representation V of a group G, and a 2-cocycle C ∈ C2(G, V ),
there is a group extension
1→ V → Ĝ→ G→ 1,
where V is viewed as an abelian group with the group operation corresponding to the additive structure
of the vector space. When the 2-cocycle is trivial, Ĝ is isomorphic to the semidirect product G⋉ V .
We would like to establish a similar theory in the Lie 2-groupoid case and show that the integration
of an exact Courant algebroid is such an extension Lie 2-groupoid (because the Courant algebroid itself
can be realized as an extension Lie 2-algebroid).
Lie n-groupoids can be modelled by certain Kan complexes. However, to describe a Lie 2-groupoid,
there is another method, which is much longer to write down, but easier to understand as a comparison
with Lie groupoids. A Lie 2-groupoid is a groupoid object in the 2-category GpdBibd where the space
of objects is only a manifold (but not a general Lie groupoid). Here GpdBibd is the 2-category with Lie
groupoids as objects, Hilsum-Skandalis (HS) bimodules as morphisms, and isomorphisms of HS bimodules
as 2-morphisms. Thus the category of manifolds embeds into this 2-category by viewing a manifold M as
a trivial groupoid M ⇒M which only has identity arrows. The equivalence of this description with that
in terms of Kan complexes is given in [Zhu09]. A special sort of Lie 2-groupoid is a groupoid object in the
2-category of Gpd with the space of objects a manifold, where Gpd is a sub-2-category of GpdBibd
containing only strict groupoid morphisms as morphisms. We call such Lie 2-groupoid semistrict Lie
2-groupoid. Since the Lie 2-groupoid integrating Courant algebroid that we construct is an example of
semistrict Lie 2-groupoids, we describe this concept explicitly below. Here we borrow largely from [BL04,
Section 7].
Definition 5.2 A semistrict Lie 2-groupoid consists of:
• a smooth manifold G0, which is the set of objects x, y, z, · · · ,
• a smooth manifold G1, which is the set of 1-morphisms g, h, · · · . For a 1-morphism g : x −→ y,
we write α(g) = x, β(g) = y. For another 1-morphism h : y −→ z, we write their composition as
hg : x −→ z.
• a Lie groupoid G : G2 ⇒ G1, where G2 is the set of 2-morphisms φ, φ′ · · · . For any 2-morphism
φ : g =⇒ h, where g, h : x −→ y are 1-morphisms, the source and target maps s, t are given by
s(φ) = g, t(φ) = h. The composition in this groupoid is usually called vertical multiplication, and
denoted by ·v. We require βs = βt and αs = αt.
• For all objects x, y, z ∈ G0, there is a Lie groupoid morphism G ×αs,G0,βs G → G, which is called
horizontal multiplication and denoted by ·h, i.e. for φ : g =⇒ h : x −→ y and φ′ : g′ =⇒ h′ : y −→ z,
we have
φ′ ·h φ : g
′g =⇒ h′h : x −→ z,
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or, in terms of a diagram,
z y
g′
zz
h′
dd φ
′

·h y x
g
zz
h
dd φ
= z x.
g′g
zz
h′h
dd φ
′·hφ

• for any x ∈ G0, there is an identity 1-morphism and an identity 2-morphism, which we both denote
by 1x.
• a Lie groupoid contravariant morphism inv : G→ G,
and the following natural isomorphisms
• the associator a(g1,g2,g3) : (g1 ·h g2) ·h g3 −→ g1 ·h (g2 ·h g3).
• the left and right unit lg : 1β(g) ·h g −→ g and rg : g ·h 1α(g) −→ g,
• the unit and counit ig : 1β(g) −→ g ·h inv(g) and eg : inv(g) ·h g −→ 1α(g)
which are such that the following diagrams commute:
• the pentagon identity for the associator
(g1 ·h g2) ·h (g3 ·h g4)
ag1,g2,g3·hg4
++❱❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱
((g1 ·h g2) ·h g3) ·h g4
a(g1·hg2),g3,g4
33❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢
ag1,g2,g3 ·h1g4 ++❳❳❳
❳❳❳
❳❳❳
❳❳❳
❳❳❳
❳❳❳
❳❳
Q
(g1 ·h (g2 ·h g3)) ·h g4
ag1,g2·hg3,g4
−→ g1 ·h ((g2 ·h g3) ·h g4)
1g1 ·hag2,g3,g4
44❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
where Q = g1 ·h (g2 ·h (g3 ·h g4)).
• the triangle identity for the left and right unit:
(g1 ·h 1α(g1)) ·h g2
ag1,1α(g1)
,g2
//
rg1 ·h1g2
((PP
PP
PP
PP
PP
PP
g1 ·h (1α(g1) ·h g2)
1g1 ·hlg2vv♥♥♥
♥♥
♥♥
♥♥
♥♥
♥
g1 ·h g2
• the first zig-zag identity:
(g ·h inv(g)) ·h g
ag,inv(g),g
−→ g ·h (inv(g) ·h g)
1g ·heg
**❯❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯
1β(g) ·h g
lg
**❱❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
ig ·h1g
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
g ·h 1α(g)
g
r
−1
g
44❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
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• the second zig-zag identity:
inv(g) ·h (g ·h inv(g))
ainv(g),g,inv(g)
−→ (inv(g) ·h g) ·h inv(g)
eg ·h1inv(g)
++❲❲❲
❲❲
❲❲
❲❲
❲❲
❲❲
❲❲
❲❲
❲❲
❲❲
❲
inv(g) ·h 1β(g)
rinv(g)
++❲❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
1inv(g)·hig
33❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣
1α(g) ·h inv(g).
inv(g)
l
−1
inv(g)
33❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣
For simplicity, we denote a semistrict Lie 2-groupoid by G2 ⇒ G1 ⇒ G0. In the special case where
ag1,g2,g3 , lg, rg , ig, eg are all identity isomorphisms, we call such a Lie 2-groupoid a strict Lie 2-
groupoid. If G0 is a point, we obtain the concept of a semistrict Lie 2-group [BL04, SZ].
Any vector bundle E can be viewed as an abelian Lie groupoid with the source and the target both
the projection to the base and multiplication the pointwise addition. Similarly, we have
Example 5.3 Any 2-term complex of vector bundles E : E−1
∂
−→ E0 has an “abelian” strict Lie 2-
groupoid structure, which we denote by E•. First, we have an action groupoid E0 ⋊G0 E−1 ⇒ E0 where
E−1 acts on E0 by
u ·m = u+ ∂m.
Furthermore, the pointwise addition of Ei gives horizontal multiplication of the Lie 2-groupoid, that is
(u,m) ·h (v, n) = (u+ v,m+ n). (51)
Moreover inv(u,m) = (−u,−m), 1p = (0p, 0p) for a point p on the base.
An abelian extension of a Lie groupoid G = G1 ⇒ G0 by a 2-term representation E is a short exact
sequence of Lie 2-groupoids with the left term E• viewed as an abelian Lie 2-groupoid. Now we explain
what an exact sequence of Lie 2-groupoid is (but only in our very special case)3. In our special case, all
the Lie 2-groupoid morphisms we mention here are strict, namely they respect all the structure maps
strictly without further 2-morphisms. Given a Lie 2-groupoid Gˆ• and a Lie groupoid G with Gˆ0 = G0,
a 2-groupoid morphism φ• : Gˆ• → G with φ0 = idG0 is surjective if φ1 is a surjective submersion (then
this implies that φ2 is a surjective submersion). Given another Lie 2-groupoid Hˆ• with Hˆ0 = Gˆ0, a
2-groupoid morphism ι• : Hˆ• → Gˆ• with ι0 = idG0 is injective if ι1 and ι2 are embeddings. The image
im(ι•) is naturally defined as the image 2-groupoid under ι•. The kernel ker(φ•) is made up by G0, and
the subsets of Gˆ1 and Gˆ2 which maps to {1x, x ∈ G0} under φ•. Since the identity of G• is strict and φ1,
φ2 are surjective submersions, ker(φ•) is a Lie 2-groupoid. We call the short sequence Hˆ•
ι•−→ Gˆ•
φ•
−→ G
exact if ι• is injective, φ• is surjective, and ker(φ•) = im(ι•) as Lie 2-groupoids.
H2

ι2 // Gˆ2

φ2 // G1

1 // H1

ι1 // Gˆ1

φ1 // G1

// 1.
H0 = G0
ι0 // Gˆ0 = G0
φ0 // G0
3There should be a more general notation of exact sequence of Lie 2-groupoids using generalized morphisms allowing
higher morphisms. It should include a Kan fibration as an example. On the other hand, our definition here is a special case
of Kan fibration.
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We have the following proposition which can be viewed as the global version of Lemma 4.2: (however, we
shall not expect a classification result as in Theorem 4.5 with our current version of groupoid cohomology
because even in the case of groups this version needs to be refined for the classification result to hold.
See [WZ, Section 2] and [SP]).
Proposition 5.4 Given a 2-term representation up to homotopy (E , F1, F2) of a Lie groupoid G = G1 ⇒
G0 and a 2-cocycle (C2, C3) ∈ C2(G, E), there is a Lie 2-groupoid structure on G1 ×G0 E0 ×G0 E−1 ⇒
G1 ×G0 E0 ⇒ G0 which is an extension of G and fits into the exact sequence
E0 ×G0 E−1

ι2 // G1 ×G0 E0 ×G0 E−1

φ2 // G1

1 // E0

ι1 // G1 ×G0 E0

φ1 // G1

// 1
G0
ι0=idG0 // G0
φ0=idG0 // G0
with natural inclusion ι• and natural projection φ•. The Lie 2-groupoid structure of the left term is
abelian as in Example 5.3. The Lie 2-groupoid structure of the middle term is semistrict and given by
the following data: The source map s and the target map t are given by
s(g, ξ,m) = (g, ξ), t(g, ξ,m) = (g, ξ + ∂m), (52)
and α, β (see the second item of Definition 5.2) are given by
α(g, ξ) = α(g), β(g, ξ) = β(g),
for any (g, ξ) ∈ G1 ×G0 E0.
The vertical multiplication ·v is given by
(h, η, n) ·v (g, ξ,m) = (g, ξ,m+ n), where h = g, η = ξ + ∂m.
The horizontal multiplication ·h of objects is given by
(g1, ξ) ·h (g2, η) = (g1g2, ξ + F1(g1)(η) + C2(g1, g2)), (53)
the horizontal multiplication ·h of morphisms is given by
(g1, ξ,m) ·h (g2, η, n) = (g1g2, ξ + F1(g1)(η) + C2(g1, g2),m+ F1(g1)(n)). (54)
The associator
a(g1,ξ),(g2,η),(g3,γ) :
(
(g1, ξ) ·h (g2, η)
)
·h (g3, γ) −→ (g1, ξ) ·h
(
(g2, η) ·h (g3, γ)
)
is given by
a(g1,ξ),(g2,η),(g3,γ) =
(g1g2g3, ξ + F1(g1)(η) + F1(g1g2)(γ) + C2(g1, g2) + C2(g1g2, g3), F2(g1, g2)(γ) − C3(g1, g2, g3)). (55)
The inverse map inv is given by
inv(g, ξ) = (g−1,−F1(g−1)(ξ)− C2(g−1, g)), (56)
and
inv(g, ξ,m) = (g−1,−F1(g−1)(ξ)− C2(g−1, g),−F1(g−1)(m)). (57)
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The identity 1-morphisms are (1x, 0) and the identity 2-morphisms are (1x, 0, 0).
The unit i(g,ξ) : (1β(g), 0) −→ (g, ξ) ·h inv(g, ξ) is given by
i(g,ξ) = (1β(g), 0,−F2(g, g
−1)(ξ) + C3(g, g−1, g)). (58)
All the other natural isomorphisms are identity isomorphisms. Moreover, two 2-cocycles representing
the same class in H2(G, E) give rise to isomorphic Lie 2-groupoid structures. If the extension class
(C2, C3) = 0, we call such an extension a semidirect product of G with its representation up to
homotopy (E , F1, F2).
Proof. First we verify the Lie 2-groupoid structure of the middle term. The verification is similar to the
proof of [SZ, Theorem 3.7].
Firstly, it is straightforward to verify that the multiplication ·h is a groupoid morphism. Then we
compute that
(
(g1, ξ) ·h (g2, η)
)
·h (g3, γ) = (g1g2g3, ξ + F1(g1)(η) + C2(g1, g2) + F1(g1g2)(γ) + C2(g1g2, g3)),
and
(g1, ξ) ·h
(
(g2, η) ·h (g3, γ)
)
=
(
g1g2g3, ξ + F1(g1)(η + F1(g2)(γ) + C2(g2, g3)) + C2(g1, g2g3)
)
.
By (47), a defined by (55) is the associator iff
F1(g1)C2(g2, g3)− C2(g1g2, g3) + C2(g1, g2g3)− C2(g1, g2) + ∂C3(g1, g2, g3) = 0.
This is exactly (49)–one of the conditions of the closedness of (C2, C3).
The naturality of the associator a is the following commutative diagram:(
(g1, ξ) ·h (g2, η)
)
·h (g3, γ)

a // (g1, ξ) ·h
(
(g2, η) ·h (g3, γ)
)
(
(g1, ξ + ∂m) ·h (g2, η + ∂n)
)
·h (g3, γ + ∂k)
a // (g1, ξ + ∂m) ·h
(
(g2, η + ∂n) ·h (g3, γ + ∂k)
)
.
To see that a is a natural isomorphism, we need to show that
a(g1,ξ+∂m),(g2,η+∂n),(g3,γ+∂k) ·h
((
(g1, ξ,m) ·h (g2, η, n)
)
·h (g3, γ, k)
)
(59)
is equal to (
(g1, ξ,m) ·h
(
(g2, η, n) ·h (g3, γ, k)
))
·h a(g1,ξ),(g2,η),(g3,γ). (60)
By straightforward computations, we obtain that (59) is equal to(
g1g2g3, ξ + F1(g1)(η) + F1(g1g2)(γ), m+ F1(g1)(n) + F1(g1g2)(k) + F2(g1, g2)(γ + ∂k)− C3(g1, g2, g3)
)
,
and (60) is equal to(
g1g2g3, ξ + F1(g1)(η) + F1(g1g2)(γ), m+ F1(g1)(n) + F1(g1)F1(g2)(k) + F2(g1, g2)(γ) − C3(g1, g2, g3)
)
.
Hence (59) is equal to (60) by (47).
By (47), (49), F1(1x) = id and the fact that our cocycles are normalized, we have
(g, ξ) ·h inv(g, ξ) =
(
1β(g),−∂F2(g, g
−1)(ξ) + ∂C3(g, g−1, g)
)
.
Thus the unit given by (58) is indeed a morphism from (1β(g), 0) to (g, ξ) ·h inv(g, ξ).
To show the naturality of the unit, we need to prove
(
(g, ξ,m) ·h inv(g, ξ,m)
)
·v i(g,ξ) = i(g,ξ+∂m),
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i.e. the following commutative diagram:
(1β(g), 0)
i(g,ξ)
''PP
PP
PP
PP
PP
P
i(g,ξ+∂m)
uu❦❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
(g, ξ + ∂m) ·h inv(g, ξ + ∂m) (g, ξ) ·h inv(g, ξ)
(g,ξ,m)·hinv(g,ξ,m)oo
This follows from
F2(g, g−1)(∂m) = F1(g) · F1(g−1)(m) − F1(g · g−1)(m) = F1(g) · F1(g−1)(m)−m,
which is a special case of (47).
Since F (1x) = id and our cocycle C2 + C3 is normalized, we have
(1β(g), 0) ·h (g, ξ) = (g, ξ), (g, ξ) ·h (1α(g), 0) = (g, ξ).
Hence the left unit and the right unit can also be taken as the identity isomorphisms.
The counit e(g,ξ) : inv(g, ξ) ·h (g, ξ) −→ (1α(g), 0) can be taken as the identity morphism since we have
inv(g, ξ) ·h (g, ξ) =
(
g−1,−F1(g−1)(ξ) − C2(g−1, g)
)
·h (g, ξ) = (1α(g), 0).
Now we need to show various coherence conditions between 2-morphisms. Here we only give the proof
of the pentagon identity. The others can be proved in similar fashions and we leave them to the readers.
The pentagon identity is equivalent to
a(g1,ξ),(g2,η),(g3,γ)·h(g4,θ) ·v a(g1,ξ)·h(g2,η),(g3,γ),(g4,θ) =(
(g1, ξ) ·h a(g2,η),(g3,γ),(g4,θ)
)
·v a(g1,ξ),(g2,η)·h(g3,γ),(g4,θ) ·v
(
a(g1,ξ),(g2,η),(g3,γ) ·h (g4, θ)
)
The condition (49) implies that these elements can be vertically multiplied. Then by straightforward
computations, the left hand side is equal to(
g1g2g3g4, ξ + F1(g1)(η) + F1(g1g2)(γ) + F1(g1g2g3)(θ) + C2(g1, g2) + C2(g1g2, g3) + C2(g1g2g3, g4),
F2(g1g2, g3)(θ) + F2(g1, g2)
(
γ + F1(g3)(θ) + C2(g3, g4)
)
− C3(g1g2, g3, g4)− C3(g1, g2, g3g4)
)
,
and the right hand side is equal to(
g1g2g3g4, ξ + F1(g1)(η) + F1(g1g2)(γ) + F1(g1g2g3)(θ) + C2(g1, g2) + C2(g1g2, g3) + C2(g1g2g3, g4),
F2(g1, g2)(γ) + F2(g1, g2g3)(θ) + F1(g1) ◦ F2(g2, g3)(θ) − F1(g1)C3(g2, g3, g4)
−C3(g1, g2g3, g4)− C3(g1, g2, g3)
)
.
By (48) and (50), they are equal.
It is not hard to verify that the natural inclusion ι• is injective and the natural projection of φ• is
surjective. Moreover, ker(φ•) = im(ι•) = E•. Thus we indeed obtain an extension.
Suppose that (C2, C3) = (C′2, C
′
3) + D(B1, B2). Then the groupoid automorphism Φ = (Φ0,Φ1) of
G× E0 × E1 ⇒ G× E0,
Φ0(g, ξ) = (g, ξ +B1(g)), Φ1(g, ξ,m) = (g, ξ +B1(g),m),
gives an isomorphism of Lie 2-groupoids. The only technical point to notice is that the groupoid
morphisms ·h ◦ (Φ × Φ) and Φ ◦ (− ·h −) are not exactly identical but differ by a 2-morphism Φ2 :
G× E0 ×G× E0 → G× E0 × E1 given by Φ2((g, ξ), (h, η)) = (gh, ξ + η,B2(g, h)).
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Remark 5.5 It is proven in [LBŠ] that the differentiation of Gˆ is exactly the Lie 2-algebroid corre-
sponding to an Courant algebroid. Here we remark how to do the differentiation from the point of view of
extensions. The systematic way to differentiate a Lie n-groupoid to an NQ manifold is described in [Ševa]
in the language of graded manifolds. We describe briefly the differentiation inspired by this work (using
explicit words in usual differential geometry), and postpone the detailed calculation to future studies.
Recall the differentiation of a Lie groupoid t, s : H1 ⇒ H0 to a Lie algebroid. The Lie algebroid is
kerTs|H0 containing tangent vectors of H1 on H0 vanishing along the source map. Similarly, we obtain
a graded vector bundle
kerTα|G0 ⊕ kerTs|G0[1] = (A⊕ E0)⊕ E−1[1],
where A is the Lie algebroid of G. Now we explain how to obtain the Lie 2-algebroid structure (36) on
this graded vector bundle. The anchor ρ of the Lie 2-algebroid is induced by the anchor of A.
We notice that the formula for the horizontal multiplication (53) is exactly the same as the formula
for a usual extension of groupoid by a representation and a 2-cocycle. This implies the second formula
of (36). Moreover, we notice that there is an (nonassociative) action of G1 ⊕ E0 on E−1 given by the
horizontal multiplication:
(g, ξ) ·m := prE−1
(
(g, ξ, 0) ·h (1s(g), 0,m)
)
= F1(g)(m).
This implies the third formula of (36). The term l3 is more difficult to explain, but at least in our case
of Courant algebroids, it is determined by l2 since ∂ : E−1 → E0 is injective.
5.3 Application to integration of Courant algebroids
Now we are ready to integrate the Courant algebroid TM⊕T ∗M with Ševera class [H ]. The integrating Lie
2-groupoid is simply the extension Lie 2-groupoid of Π1(M) by its coadjoint representation T ∗M
id
−→ T ∗M
and a certain 2-cocycle (C2, C3) in C2(TM, T ∗M
id
−→ T ∗M) (which turns out to be not important). More
explicitly, the Lie 2-groupoid is modeled on the action Lie groupoid (Π1(M) ×M T ∗M) ⋊M T ∗M ⇒
Π1(M)×M T ∗M with T ∗M acts on Π1(M)×M T ∗M by addition on T ∗M . The structure maps are given
as in Proposition 5.4.
We now give a description of this Lie 2-groupoid by Kan complex using the correspondence in [Zhu09,
Section 2.3] using the notation in Proposition 5.4. The 0-th level X0 = M is simply the base of the
Courant algebroid. The first level is
X1 = Π1(M)×t,M T ∗M(= Gˆ1),
with d1 = β and d0 = α and s0 the natural embedding M → Π1(M)×t,M T ∗M . The second level is
X2 =
(
Π1(M)×t,M,s Π1(M)
)
×t◦prl×t◦prr×t◦prl,M×3 T
∗M×3,
such that for a typical element (γ0,1, γ1,2, ξx0 , ξx1 ,mx0) ∈ X2,
d0(γ0,1, γ1,2, ξx0 , ξx1 ,mx0) = (γ1,2, ξx1),
d1(γ0,1, γ1,2, ξx0 , ξx1 ,mx0) = (γ0,1γ1,2, ξx0 + C2(γ0,1, γ1,2) + F1(γ0,1)(ξx1) + id(mx0)),
d2(γ0,1, γ1,2, ξx0 , ξx1 ,mx0) = (γ0,1, ξx0).
Then in general X is determined by the first three levels, X = Cosk3Sk3(Λ[3, 0](X), X2, X1, X0) (see
[Zhu09, Section 2.3]). That is Xn is a fibre product made up by X2’s, X1’s and X0’s. In this special
case, it is every easy to see that X is a Lie 2-groupoid since the differential from T ∗M to T ∗M is an
isomorphism so that X2 is totally determined by its images under d0, d1 and d2. More explicitly there is
a simplicial manifold Y• with
Yn =Π1(M)×n ×
M
×
(n+1
2
) T ∗M×
(n+1
2
)
={(γ0,1, γ1,2, . . . , γn−1,n; . . . , ξi,j , . . . ) : 0 ≤ i < j ≤ n, γi,i+1 ∈ Π1(M) is represented by
a path from xi to xi+1, and ξi,j ∈ T ∗xiM arranged in dictionary order.}
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One should imagine each element as the dimensional-1-skeleton of a n-polygon in M with each edge
attached with a cotangent vector at the end. The face and degeneracy maps are naturally given by
dk(γ0,1, γ1,2, . . . , γn−1,n; . . . , ξi,j , . . . ) = (. . . , γk−1,k · γk,k+1, . . . ; . . . , ξˆi,k, . . . , ξˆk,j , . . . ),
sk(γ0,1, γ1,2, . . . , γn−1,n; . . . , ξi,j , . . . ) = (. . . , γk−1,k, 1xk , γk,k+1, . . . ; . . . , ξ˜
i,j , . . . ),
with ξ˜i,j = ξi,j for i < j ≤ k, ξ˜k,k+1 = 0, ξ˜i,j = ξi−1,j−1 for k < i < j, ξ˜i,j = ξi,j−1 for i ≤ k ≤ j − 1.
Since Y• is determined by its 1-skeleton, it is clearly a Lie 2-groupoid. Moreover, regardless of the cocycle
(C2, C3), we have X• ∼= Y• as a simplicial manifolds since both are determined by their 1-skeleton. More
precisely, the isomorphism X2 ∼= Y2 given by(
γ01, γ12, ξx0 , ξx1 ,mx0
)
7→
(
γ0,1, γ1,2; ξx0 , ξx0 + C2(γ0,1, γ1,2) + F1(γ0,1)(ξx1) +mx0 , ξx1
)
,
together with the natural identification of Xi = Yi when i = 0, 1, induce an isomorphism of the simplicial
manifolds X• ∼= Y•. If we take a local neighborhood of Y0 =M in Yn, we arrive at the local Lie 2-groupoid
TM in [LBŠ, Theorem 1], which differentiates to the standard Courant algebroid (T ∗[2]T [1]M, [H ]) by
this theorem. Thus we have,
Theorem 5.6 An exact Courant algebroid (T ∗[2]T [1]M, [H ]) as a Lie 2-algebroid integrates to the semidi-
rect product Lie 2-groupoid of Π1(M) with its coadjoint representation up to homotopy T ∗M
id
−→ T ∗M ,
regardless of the Ševera class [H ].
Remark 5.7 (Comparison with other works) In [LBŠ], the authors also construct a global version
using the pair groupoid rather than the fundamental groupoid as we do in our approach. But there is
no fundamental difference. This global Lie 2-groupoid built upon the pair groupoid is also the integration
object of Mehta and Tang [MT, (1.3)]. We choose the fundamental groupoid in hope that we would achieve
a more universal object, possibly with a universal symplectic structure. However, it seems that we need
to go further (to “fundamental 2-groupoid”) to achieve this universal object, since our current object
is not source 2-connected. This direction is further studied in a recent article [MTb]. They apply the
general Sullivan-Ševera-Getzler-Henriques integration procedure (studied in details for the L∞-algebroid
case in [SS]) and build a universal infinite dimensional 2-groupoid, called the LWX 2-groupoid (named
after Liu-Weinstein-Xu). They apply the procedure to T ∗M but not the Lie 2-algebroid corresponding to
T ∗[2]T [1]M directly, most likely basing on a certain hiding equivalence between them. They claim that
the relation between the LWX 2-groupoid and the finite dimensional one is not yet entirely clear, though
we think a suitable projection should be expected.
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